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Abstract. We define a new notion of entropy for operators on Fock spaces 
and positive definite multi-Toeplitz kernels on free semigroups. This is studied 
in connection with factorization theorems for (multi-Toeplitz, multi-analytic, 
etc.) operators on Fock spaces. These results lead to entropy inequalities 
and entropy formulas for positive definite multi-Toeplitz kernels on free semi- 
groups (resp. multi-Toeplitz operators) and consequences concerning the ex- 
treme points of the unit ball of the noncommutative analytic Toeplitz algebra 

poo 
1 n ■ 

We obtain several geometric characterizations of the multivariable central 
intertwining lifting, a maximum principle, and a permanence principle for the 
noncommutative commutant lifting theorem. Under certain natural condi- 
tions, we find explicit forms for the maximal entropy solution (and its entropy) 
for this multivariable commutant lifting theorem. 

All these results are used to solve maximal entropy interpolation problems 
in several variables. We obtain explicit forms for the maximal entropy solution 
(as well as its entropy) of the Sarason, Caratheodory-Schur, and Nevanlinna- 
Pick type interpolation problems for the noncommutative (resp. commutative) 
analytic Toeplitz algebra F£° (resp. W£°) and their tensor products with 
B(H.,K,). In particular, we provide explicit forms for the maximal entropy 
solutions of several interpolation (resp. optimization) problems on the unit 
ball of C n . 
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Introduction 

Let H n be an n-dimensional complex Hilbert space with orthonormal basis e±, 
&i, . . . , e„, where n G {1,2,...} or n = oo. We consider the full Fock space of 
H n defined by 

F\H n ) :=0#f% 
fc>0 

where H®° := CI and H® k is the (Hilbert) tensor product of k copies of H n . 
Define the left creation operators S, : F 2 (H n ) — » F 2 (H n ), i = 1, . . . , n, by 

Siip :=ei®ij, tp £ F 2 (tf n ). 

The noncommutative analytic Toeplitz algebra F£° and its norm closed version 
(the noncommutative disc algebra A n ) were introduced by the author [12] in con- 
nection with a multivariable noncommutative von Neumann inequality. F£° is the 
algebra of left multipliers of the full Fock space F 2 (H n ) and can be identified with 
the weakly closed (or w*-closed) algebra generated by the left creation operators 
S±, . . . , S n on the full Fock space F 2 (H n ), and the identity. The noncommutative 
disc algebra A n is the norm closed algebra generated by the left creation operators 
Si, . . . , S n and the identity. When n = 1, Ff can be identified with ff°°(B), the 
algebra of bounded analytic functions on the open unit disc. The algebra F^ can 
be viewed as a multivariable noncommutative analogue of H°°{0). We should 
add that the algebra Ffi° shares many properties with iJ°°(B). There are many 
analogies with the invariant subspaces of the unilateral shift on H 2 (J}), inner- 
outer factorizations, analytic operators, Toeplitz operators, H°° (D)-functional 
calculus, bounded (resp. spectral) interpolation, etc. The noncommutative ana- 
lytic Toeplitz algebra F£° has been studied in several papers [311], [HI], [IB], EH- 
@S], @3, 0, and recently in [H], [E], JE], 0, [HI], P3], [HE], and 

We established a strong connection between the algebra F£° and the function 
theory on the open unit ball 

M n :={(Xi,...,X n )eC n : \X^ 2 + ■ ■ ■ + \X n \ 2 < 1}, 

through the noncommutative von Neumann inequality [12] (see also (13], [15] . 
|17] . and 50 ). In particular, we proved that there is a completely contractive 
homomorphism : F£° — > H°°(M n ) defined by 

Mf(Si,...,s n ))](x 1 ,...,x n ) = f(x 1 ,...,x n ) 

for any /(Si, . . . , S n ) £ F£° and (Ai, . . . , A n ) G B n . A characterization of the ana- 
lytic functions in the range of the map $ was obtained in [1] , and independently in 
Moreover, it was proved that the quotient i^/ker <3? is an operator algebra 
which can be identified with W£° := P F 2^ Hn ^F^°\ F 2^ Hri ^, the compression of F£° 
to the symmetric Fock space F 2 (H n ) C F 2 (H n ). In [171 > M > > > > EU , ED] , 
|5T] and [55] , a good case is made that the appropriate multivariable commutative 
analogue of fl~°°(B) is the algebra W£°, which was also proved to be the w*-closed 
algebra generated by the operators Bi := Pp2r H \Si\p2f H \, i = 1, . . . , n, and the 
identity. 

Moreover, Arveson showed in j§] that W^ 3 can be seen as the algebra of all 
analytic multipliers of F 2 (H n ), when F 2 (H n ) is identified with a class of analytic 
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functions in lB n . More precisely, the range of the homomorphism $ is the mul- 
tiplier algebra of the reproducing kernel Hilbert space with reproducing kernel 
K n : B n x JB n -> C defined by 

K n (z, w) := ~. — — r — , z,weB n . 

1 - {Z,W)cn 

Interpolation problems for the noncommutative analytic Toeplitz algebra Ffi° 
were first considered in |44j . where we obtained a Caratheodory |12j type inter- 
polation theorem in this setting. In 1997, Arias and the author [I] (see also jS] 
and 46j) extended Sarason's result ED] and obtained a distance formula to an 
arbitrary WOT-closed ideal in F£° as well as a Nevanlinna-Pick type interpola- 
tion theorem (see [35]) for the noncommutative analytic Toeplitz algebra F£°. 
Using different methods, Davidson and Pitts proved these results independently 
in |16j . Let us mention that, recently, interpolation problems for F£° (resp. W£°) 
and interpolation problems on the unit ball B n were also considered in |49j . 
ED], EU, 0, P], El, E3, 0, and HO] . 

Due to the connection between the algebras F£°, W£°, and H°°(M n ), the in- 
terpolation problems for the noncommutative analytic Toeplitz algebra F£° have 
appropriate versions for the commutative Toeplitz algebra W£° and the Hardy 
space H° c (M n ) (resp. some classes of bounded analytic functions in B n ). This 
claim is supported by the following papers: [3], [U, ED], ED], E2], E3], EH, 
and ES]- 

Let : F 2 (H n ) 0W-> F 2 (H n ) (g) K be a multi-analytic operator, i.e., 

6(5i / w ) = {S,® I K )Q, i = l,...,n. 

We recall that (see jS], E3) th at 9 G R™®B(H,)C), where is the weakly 
closed algebra generated by the right creation operators on the full Fock space, 
and the identity. Moreover, we have = U*F£°U, where U is a unitary 
operator (see Section [171]) . If ||0|| < 1 and dimH < oo, then we define the 
prediction entropy of the multi-analytic operator G by setting 

£7(6) := lndetA(e), 

where 

(A(e)x, x) := inf{((/ - G*6)(x -p),x-p): p £ F 2 (H n ) ® ft, p(0) = 0} 

for any x G 7i. It turns out (using Szego's theorem) that in the particular case 
when n = 1 and Tt = fC = C we have 

£(/) = ^ jT ln(l-|/(e <t )| a ) rft, 

which is the classical definition for the entropy of / € i?°°(D) with ||/|| < 1. 

There is an extensive literature (see [TT], E], H3, EE], HD, d, |22|, 123], 

EH], etc.) concerning the maximal entropy solutions for the classical interpola- 
tion problems of Caratheodory-Schur (J2], EB), Nevanlinna-Pick (|35j). Nehari 
(|34j). Sarason (ED]), and the more general commutant lifting theorem of Sz.- 
Nagy and Foia§ (|65j). Maximal entropy solutions have also played an important 
role in control theory (see [2D], [22], [2S], etc.). 
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The main goal of this paper is to find the maximal entropy solution in the 
noncommutative commutant lifting theorem (see [HE]) ED) and to use it in order 
to get the maximal entropy solutions for the Sarason, Caratheodory-Schur, and 
Nevanlinna-Pick type interpolation problems for the noncommutative (resp. com- 
mutative) analytic Toeplitz algebra F£° (resp. W^°). Moreover, under certain 
natural conditions, we obtain explicit forms for the maximal entropy solutions 
and their entropy. In particular, we solve maximal entropy interpolation problems 
on the unit ball of C n . 

Our investigation is based on multivariable noncommutative dilation theory 
(see [TO], PU, [SI], [SHI, EE ED> HBP, harmonic analysis on Fock spaces (see 
EE EE ED; EE ED, 0, EE and [IS]), the results of Foia§, Frazho, and 
Gohberg ED (see also ED, [23], and EH) on maximal entropy interpolation 
(case n = 1), and the classical results on interpolation and commutant lifting 
theorem (see [H], ED, [SSI, EE EE EE EE ED, EE etc.) 

The paper is organized in three chapters. In the first chapter, we define a new 
notion of entropy for operators on Fock spaces and positive definite multi- Toeplitz 
kernels on free semigroups. This is studied in connection with factorization the- 
orems for (multi- Toeplitz, multi-analytic, etc.) operators on Fock spaces. These 
results lead to entropy inequalities and entropy formulas for positive definite 
multi- Toeplitz kernels on free semigroups (resp. multi- Toeplitz operators) and 
consequences concerning the extreme points of the unit ball of the noncommuta- 
tive analytic Toeplitz algebra F£°. 

More precisely, in Section 11.11 we prove the existence of maximal outer fac- 
tors for arbitrary positive multi- Toeplitz operators on Fock spaces. A connection 
between the Szego infimum and maximal outer factors of multi- Toeplitz opera- 
tors via the prediction-error operators is considered. These results extend some 
classical results (see ED, EE EE EE EH], EH, EH, El, EH], ED, EH], and 
|69j ) as well as some extensions to Fock spaces from (01] and [IE])- We in- 
troduce the notion of prediction entropy for positive multi- Toeplitz operators 
T € B(F 2 (H n ) (gi £), where £ is a Hilbert space with dim£" < oo. In particular, 
we prove that the entropy of T satisfies the equation 

e(T) =lndet[y>(0)V(0)], 

where M v is the maximal outer factor of T. Finally, we provide an explicit 
form for the square outer spectral factor corresponding to a strictly positive 
multi- Toeplitz operator T, i.e., T = M^M^. 

In the next section, we provide factorization results for bounded linear opera- 
tors in B(Hi,F 2 (H n )®H2), where Hi is a finite dimensional Hilbert space, and 
for multi-analytic operators, generalizing classical results from [55], EE EH, 
and ED) as well as some extensions to Fock spaces (see EO], EH, and EE])- 
A noncommutative multivariable analogue of Robinson's minimum energy delay 
principle (see ED and ED) f° r outer operators on Fock spaces is obtained. 

These results are used to prove entropy inequalities for positive definite multi- 
Toeplitz kernels on the free semigroup with n generators IF+ and multi- Toeplitz 
operators on Fock spaces. We extend the classical result (see jSD) which stated 
for the Hardy space H 2 {p) says that if / € H 2 (B>), then ln|/(e l *)| is integrable 
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and 

(0.1) i- J* ln\f(e u )\dt>ln\f(0)\. 

Next, we give a characterization for the outer operators in B(£,F 2 (H n ) ® f) 
if dim£ < oo. In particular, we find a noncommutative multivariable analogue 
of the classical result saying that a function / £ H 2 (J}) is outer if and only if 
/(0) ^ and the equality holds in (|0.1[) . 

It is well-known j^J that a function / € iT°°(]D)) is an extreme point of the 
unit ball of H°°(B) if and only if 

i- |^ln(l-|/(e^)| 2 )dt = -oo. 

In Section 11.41 we prove some results concerning the extreme points of the unit 
ball of F£°. In particular, we show that if ip G i 7 ^ , |MI < 1, and the entropy 
E{ip) = — oo, then is an extreme point of the unit ball of F£°. 

In the second chapter of this paper, we obtain several geometric characteri- 
zations for the multivariable central intertwining lifting, a maximum principle, 
and a permanence principle for the noncommutative commutant lifting theorem. 
Under certain natural conditions, we find explicit forms for the maximal entropy 
solution of this multivariable commutant lifting theorem, and concrete formulas 
for its entropy. 

Let us recall the noncommutative commutant lifting theorem for row contrac- 
tions |3H]) jH] (see for the classical case n = 1). Let T := [T\ ■■■ T n ], 
Ti G B(H)\ and T := ' [T[ ■■■ T' n ], T[ £ B(W), be row contractions and let 
V := [Vi ■■■ V n ], Vi G B{K), and V := [V{ ■ ■ ■ V^}, V- E B{K'), be the cor- 
responding minimal isometric dilations. The noncommutative commutant lifting 
theorem states that if A G B(Ti.,Ti.') is an operator satisfying 

ATi = T(A, i = l,...,n, 

then there exists an operator B £ B()C,IC') with the following properties: 

(i) BVi = V(B for any % = 1, . . . , n; 

(ii) B*\W = A*; 

(iii) = \\A\\. 

As in the classical case, the general setting of the noncommutative commutant 
lifting theorem can be reduced to the case when T := [T± ■ ■ ■ T n ] is a row isometry 
(see 

In Section 12.11 we present some results concerning the geometric structure of 
the intertwining liftings in the noncommutative commutant lifting theorem. It 
is shown that there is a one-to-one correspondence between the set of all mul- 
tivariable intertwining liftings B with tolerance t > (i.e., \\B\\ < t) and cer- 
tain families of contractions {Ck}^ =1 and {Ao,} QgF +. Moreover, we prove that 
the intertwining lifting corresponding to the parameters Ck = 0, k = 1,2,..., 
(resp. A a = 0, a £ F„) coincides with the central intertwining lifting with toler- 
ance t, for which we have an explicit form. 
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The geometric structure of the central intertwining lifting will play a very im- 
portant role in our investigation. We prove a maximum principle for the noncom- 
mutative commutant lifting theorem, which also provides a new characterization 
for the central intertwining lifting. This result is used to prove a permanence 
principle for the central intertwining lifting, which generalizes the permanence 
principle for the Caratheodory interpolation problem (see ^H] and [22:) (case 
n = 1). Applications of this principle will be considered in the last chapter. 

The next step is to obtain explicit formulas for the quasi outer spectral factor 
for the defect operator t 2 I — B*B C of the central intertwining lifting B c with tol- 
erance t > 0. This leads, in the next section, to concrete formulas for the entropy 
of B c as well as to a maximum principle for the noncommutative commutant 
lifting theorem with respect to non- minimal isometric liftings. 

In Section 12.61 we present one of the main results of this paper. Using the 
maximum principle, we prove that the central intertwining lifting B c is the max- 
imal entropy solution for the noncommutative commutant lifting theorem, when 
T := [S\ (g> Ig ■ ■ ■ S n (g> Ig] with dim£ < oo. Based on several results of this 
paper, we are led to concrete formulas for the entropy of B c and, under a certain 
condition of stability, to a maximum principle and a characterization (in terms 
of entropy) of the central intertwining lifting B c with respect to non-minimal 
isometric liftings. 

The results of the first two chapters are used to solve maximal entropy interpo- 
lation problems in several variables, in the last chapter of this paper. We obtain 
explicit forms for the maximal entropy solution (as well as its entropy) of the 
Sarason [20], Caratheodory-Schur ^2], [1U> and Nevanlinna-Pick jSE] type inter- 
polation problems for the noncommutative (resp. commutative) analytic Toeplitz 
algebra F£° (resp. W£°) and their tensor products with B(H,K), the set of all 
bounded linear operators acting on Hilbert spaces. Moreover, under certain con- 
ditions, we also find explicit forms for the corresponding classical optimization 
problems, in our multivariable noncommutative (resp. commutative) setting. 

In particular, we provide explicit forms for the maximal entropy solutions of 
several interpolation problems on the unit ball of C n . Finnaly, we apply our 
permanence principle to the Nevanlinna-Pick interpolation problem on the unit 
ball. 
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1. Operators on Fock spaces and their entropy 

A new notion of entropy for operators on Fock spaces and positive multi- 
Toeplitz kernels on free semigroups is defined and studied in connection with fac- 
torization theorems for (multi-Toeplitz, multi-analytic, etc.) operators on Fock 
spaces. These results lead to entropy inequalities and entropy formulas for pos- 
itive multi-Toeplitz kernels on free semigroups (resp. multi-Toeplitz operators) 
and consequences concerning the extreme points of the unit ball of the noncom- 
mutative analytic Toeplitz algebra F£°. 

1.1. Entropy and spectral factorization for multi-Toeplitz operators. 

In this section, we define the notion of prediction entropy for positive multi- 
Toeplitz operators T € B(F 2 (H n ) ® £) with dim£ < oo. We prove that there 
is a multi-analytic operator M v G R™®B(£) such that M^M^ < T if and only 
if the entropy of T satisfies e(T) > — oo. This is based on Theorem 11.11 which 
proves the existence of maximal outer factors for arbitrary positive multi-Toeplitz 
operators on Fock spaces. Moreover, we prove a Szego type infimum theorem for 
arbitrary positive multi-Toeplitz operators (see Theorem ll.MJ) . and provide an 
explicit form for the square outer spectral factor M v corresponding to a strictly 
positive multi-Toeplitz operator T, i.e., M*M V = T (see Theorem E^) . All these 
results are needed in the next sections. 

Let F+ be the unital free semigroup on n generators gi, . . . ,g n , and the identity 
go. The length of a £ F+ is defined by |a| := k, if a = g^gi 2 ■ ■ ■ gi k , and |a| := 0, 
if a = go. We also define e a := (g> ei 2 tg) • • • <g) ei k and e go = 1. It is clear that 
{e a : a S F+} is an orthonormal basis of the full Fock space F 2 (H n ). 

Let £ be a Hilbert space and let T be a positive multi-Toeplitz operator on 
F 2 {H n )®£, i.e., 

(Si ® Is)*T(Sj ® I e ) = SijI 
for any i, j = 1, . . . ,n. Define the positive operator At ■ £ — > £ by setting 

(1.1) (A T x, x) := inf{(T(x - p ), x -p): p £ V(£), p(0) = 0} 

for any x G £ , where V(£) denotes the set of polynomials p = Yl e a <8> h a , 

\a\<m 

m = 0, 1, . . ., in F 2 (H n )®£ and p(0) := h go . We remark that if T is a normalized 
positive multi-Toeplitz operator, i.e., PgT\£ = Ig, then At coincides with the 
prediction-error operator of the stationary process determined by T (see @H|)- 

When £ is finite dimensional, we define the prediction entropy of the positive 
multi-Toeplitz operator T by 

(1.2) e(T) := lndet A T . 

Note that the prediction entropy is different from the entropy defined in |48j . 

We need to recall from [SH], 00], [35], j3^], and [33] a few facts concerning 
multi-analytic operators on Fock spaces. We say that a bounded linear operator 
M G B(F 2 (H n ) ® K, F 2 (H n ) KI) is multi-analytic if 

(1.3) M (Si ® Ijc) = (Si I K ')M for any i = 1, . . . , n. 

Note that M is uniquely determined by the operator 9 : K, — > F 2 (H n ) (g> K', 
which is defined by Ok := M(l (8) k), k G /C, and is called the symbol of M. 
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We denote M = Mg. Moreover, Mg is uniquely determined by the "coefficients" 
8 a G B(JC,JC'), which are given by 

(0 & k, k') := (9k, e a k') = (M e (l ®k),e a ®k'), k G K, k' G K', a G F+, 

where a is the reverse of a, i.e., a = g% k ■ ■ ■ g\ x if a = ■ ■ ■ gi k . Note that 

E 6 « e « ^ \\ M o\\ 2 ^- 

If T\, . . . ,T n G BiTi) (the algebra of all bounded linear operators on the Hilbert 
space H), define T a := T h T i2 ■ ■ -T ih , if a = g h g i2 ■ ■ ■ g ik and T go := I H . We can 
associate with Mg a unique formal Fourier expansion 

(1.4) Mg ~ E 

where i?j := U*SiU, i = 1, . . . ,n, are the right creation operators on F 2 (H n ) 
and U is the (flipping) unitary operator on F 2 (H n ) mapping ® e$ 2 ® • • • <8> 
ej fc into <g> • • • (g> ej 2 ® . Since acts like its Fourier representation on 
"polynomials", we will identify them for simplicity. The set of multi-analytic 
operators in B(F 2 (H n ) <g> K,F 2 (H n ) ® £') coincides with R™®B(K,KJ), where 
f?£° = U*F£°U (see jS] and jSSl)- 

A multi-analytic operator (resp. its symbol 0) is called inner if Mg is an 
isometry. We call Mg (resp. its symbol 6 ) outer if 

\J{(S a ® ijc')0* = G /C, a G F+} = F 2 (H n ) ® K'. 

We say that a positive multi-Toeplitz operator T G B(F 2 (H n ) (g) £) has a 
maximal outer factor if there is a Hilbert space <7 and an outer multi-analytic 
operator M v G R^®B{£,Q) with the properties: 

(i) M;M V < T; 

(ii) If N is a Hilbert space and Mg G R£®B{£,N) satisfies 

MgMg < T, 

then M*M V > M^Mg. 

In what follows we prove the existence of maximal outer factors for arbitrary 
positive multi-Toeplitz operators on Fock spaces. 

Theorem 1.1. If £ is an arbitrary Hilbert space and T G B(F 2 (H n ) (E> £) is 
a positive multi-Toeplitz operator, then T has a maximal outer factor M^ G 
R™®B(£,Q) such that 

(1.5) m;m v < T. 

Moreover, the maximal outer factor is uniquely determined up to a unitary diag- 
onal multi- analytic operator. 
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Proof. Since T is a positive multi-Toeplitz operator, we have 

2 



vi=l 



{{S*®h)T{Si®h)h u h 3 ) 



n 



£ (SijThuhj) = Y,\\T 1/2 hi 



1=1 



for any ^ € F 2 (#„) ® £), i = 1, . . . ,n. Let y := T l / 2 (F 2 (H n ) ® f) and note 
that there are unique isometries Vi E B(y), i = 1, . . . , n, such that 

(1.6) T^T 1 / 2 = r 1 / 2 (5 i ®/ £ ), i = l,...,n. 

The above calculations show that 

2 



i=l 



£ n Tl/2 ^ 



i=l 



for any hi G 3^- Hence, Vi,...,V^ are isometries with orthogonal ranges. Ac- 
cording to the Wold type decomposition for isometries with orthogonal ranges 
(see (SB]), we have Vi = Ui © W%, i = 1, . . . ,n, with respect to the orthogonal 
decomposition y = yo © y^, where 3^o : = ® ae ^+V a M.T and 



;i.7) 



M T = ye\J T l l 2 {Si ® h){F 2 {H n ) ® f ). 



i=i 



The subspaces 3^o and 3^i are reducing for each operator Vi, i = 1, . . . , n. More- 
over, 



E*wr = /; 



Vi 



i=l 



and {Ui}f =1 is unitarily equivalent to the orthogonal shift {Si <S> Imt}?=i- Hence, 
we have 

$Ui = (Si®lM T )&i i = l,...,n, 
where <3? : 3^o — > F 2 (H n ) <g> Mt is the Fourier transform defined by 

(1.8) HV a £ a ) = e a ® l a , l a EM T , ae F+. 
Since 3^o reduces each operator Vi, i = 1, . . . , n, it follows that 

^t-fVo = ViPy = Py Vi, i = l,..., n. 

Hence, we infer that 

QPy^iSi ® I £ ) = ^Py Q ViT 1 ' 2 = ^U.Py.T 1 ' 2 

= (Si®I MT )<bPy T l/2 

for any i = 1, . . . , n. This shows that the operator <&Py T l l 2 is multi-analytic 
and, according to [2], there exists M v e R^®B{£ , M.?) such that 

(1.9) ^Py Q T 1 ' 2 = M v . 

Since the operator Py^T 1 ! 2 has dense range in y^, it follows that M v is outer. 
Finally, relation (fOjl impies M*M V < T. 
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To prove the maximality property, let Af be a Hilbert space and let Mg € 
R™®B(£,N) be such that M*M e < T. Define X : y -» F 2 {H n ) ® £ by setting 

X E ^r 1 / 2 ^ J : = £ (5 CT ® Ijv)^, y CT € £. 

y|c|<m / I cr | <m 

Note that, for any y a £ £ , we have 

2 



x E f.tVV 



|<x <m 



= / MgM g E & ° ® ^ > E 6(7 yCT 

\ \k|<m / H<m / 

2 



E ^ rl/ v 



This shows that X extends to a contraction from y to F 2 (H n ) (E>M. One can 
easily check that XVi = (Si <S> Ij\f)X, i = 1, . . . , n. Hence, and using the Wold 
decomposition from [HE], we deduce 



xyt c p| xl v a y = p| (5 Q ® i £ )x;y 

fc=0 \|a|=fe / fc=0|a|=fc 

oo 

C pi (S a <g> h){F\H n ) ®£) = {0}. 

fc=0 |a|=fc 

Therefore, X|3^i = 0. Now, taking into account the above considerations, we 
have 

2 



M e *M e j E e °®yo\ , E e °®y° 

|<x|<m / 



<r <m 



* E ^oK^/v 



< 



cr | <m 
2 



|cr|<m 



E ®Py T 1,2 {S„®I e ){l®y 

cr <m 



E M v (5 CT 0/ £ )(l0y (T ; 

\cr\<m 

(m;m v E e ^ ^ > E e ° 

> \ |crj <m / |o"|<m 
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Therefore, M^M e < M^M^. The proof is complete. □ 

Let us remark that the equality holds in (|1.5|) if and only if y$ = 3^- Another 
characterization of this fact can be found in |4L)j . On the other hand, we have a 
concrete form for the maximal outer factor of T, that is, = ^PygT 1 / 2 , where 
the Fourier transform <I> and the subspace J^o are defined in the proof of Theorem 

ED 

Corollary 1.2. LetT 6 B (F 2 (H n ) ® £) be a positive -multi- Toeplitz operator and 
assume that dim£ < oo. Then the entropy e(T) > — oo if and only if there exists 
an outer multi- analytic operator M v G R^(&B(£) such that 

(i.io) m;m v < T. 

Proof. Assume now that T = M*M V with £ <g> B{£) an outer operator. 
Then there exists a unitary operator Z : y — > F 2 (H n ) ® £ satisfying 

ZT 1/2 = M v . 

Since M v commutes with each operator Si®Is, i = 1, . . . ,n, relation (|1.6j) implies 



/ ZViT 1 ' 2 = ZT x l\Si ® Is) = M v (Si ® I £ ) 

(1.11) 

= (^ ® h)M v = (Si ® I^ZT 1 ' 2 

for any i = 1, . . . , n. Hence, ZVi = (Si ® Is)Z for any i = 1, . . . , n, and conse- 
quently {Vi}™ =1 is an orthogonal shift having the same multiplicity as {Si^Is}2=i- 
Therefore, we have dimf = dim Al^, where 

n 

(1.12) M T = y G \/ T l ' 2 (Si ® h)(F 2 (H n ) ® £) 

8=1 

is the wandering subspace of {Fj}™ =1 (see [3H]). Note that, if dim£ < oo, then 
we have 



M T = PM T T 1 l 2 (F 2 (H n )®£) 

n 

= (P Mt T 1 I 2 £) \J(Sj P MT T 1 ' 2 (S i ® £)(F 2 (H n ) ® £) 

i=l 

= P Mt T 1/2 £. 

Hence, it is clear that the following statements are equivalent: 

(i) e(T) > -oo; 

(ii) det At + 0; 

(hi) dimf = dim Mt- 

Since e(T) = In det At, we deduce e(T) > -oo. Now, if T > M^M^, then we 
have 

e(T) > e(M*M v ) > -oo. 

Conversely, assume that the entropy e(T) > — oo. Then dim£ = dimA^T and 
the result follows from Theorem ll.il □ 
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It is well-known that in the classical case (n = 1) (see |2.S| ) . we have equality 
in 1)1.10(1 . Whether or not this is true if n > 2 remains an open problem. 

In what follows, we prove a Szego type infimum theorem for arbitrary pos- 
itive multi-Toeplitz operators. If Mg is a multi-analytic operator with Fourier 
expansion l|1.4|) . then we denote 9(0) := 9 go . 

Theorem 1.3. Let £ be a Hilbert space and let T G B(F 2 (H n ) ®£ ) be a positive 
multi-Toeplitz operator. Then, for any h G £, 

inf (T(h - p ),h-p) = MO) V(0)/i, /») , 

pEV(£), p(0)=0 

where M v is the maximal outer factor of T . In particular, if dim £ < oo, i/ten 
i/te entropy of T satisfies the equality 

e(T) = lndet[y?(0)V(0)]. 

Proof. First we prove that 

(i.i3) A T = p (f T 1 / 2 p MT r 1 / 2 |£:, 

where the operator A^ is defined by relation 1)1.1(1 . and 

n 

M T :=T 1 / 2 (F 2 (H n )®£)e \J T 1 / 2 ^ h){F 2 {H n ) ® £). 

8=1 

Indeed, we have 

(A T M) =inf{||T 1 / 2 (/i-p)|| 2 : P eV(£), p(0) = 0} 

= inf | HT 1 /^ _ y ||2 . y G y rVa^ ® h)(F 2 {H n ) ® f ) J 

= IIp^t 1 / 2 /,!! 2 = ((j^p^t 1 /^)^ 

for any h € £. Hence, and using relation 1)1.9(1 . we obtain 

(A T h,h) = hp^t 1 / 2 /*!! 2 

= ||Pi®A4 T $Pyo^ 1/2 ^ll 2 = l|Pi®M T ^ll 
= M0)>(0)/i,/ i ), 

for any h £ £, where M v is the maximal outer factor of T. The last part of the 
theorem is now obvious. □ 

Given a multi-Toeplitz operator T G B(F 2 (H n ) (£> TC), we say that F G 
R™®B(H,y) is a spectral factor of T if T = F*F. If, in addition, W = y 
and -F is outer, then F is called a square outer spectral factor of T. 

In [30], we proved that any strictly positive multi-Toeplitz operator T admits 
a spectral factor. Based on the proof of Theorem ll.il we can deduce a stronger 
result, namely that T has a square outer spectral factorization. 

Corollary 1.4. If £ is a Hilbert space and T G B(F 2 (H n ) ® £ ) is a strictly 
positive multi-Toeplitz operator, then there exists an outer multi- analytic operator 
M v G R™®B(£) such that 

m;m v = t. 
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Proof. As in the proof of Theorem 11.11 we can define the isometries V%, i = 
1, ... j 7i, by relation ()1.6|) . Since T 1 / 2 is invertible, Theorem 2.1 from |43| implies 
that there exists a unitary operator U : F 2 (H n ) ® £ — » y such that 

U*ViU = Si®I £ , i = l,...,n. 

This shows that y = 3^o an d relation (|1.9j) becomes $T 1//2 = Af„, where $ 
is the unitary operator defined be Hence, M*M V = T and the proof is 

complete. □ 

In the next theorem, we provide an explicit form for the square outer spectral 
factor corresponding to a strictly positive multi-Toeplitz operator. 

Theorem 1.5. Let T € B(F 2 (H n ) <g> £) be a strictly positive multi-Toeplitz op- 
erator. Then 

T = e*e, 

where O E R^(&B(£) is a square outer spectral factor ofT given by 

Q:= (I®N)Mj\ 

where is an invertible multi- analytic operator with symbol ifi : £ — > F 2 (H n )®£ 
defined by 

iPh := T~ l (l <g> h), he£, 

and N := (P £ T^ 1 ^) 1 / 2 . 

Proof. First we show that ip£ is cyclic for {Si <g) LeYl = \ on F 2 {Hn) <8> £• Let 
x € F 2 (# n ) £ be such that re _L (S a <g> I £ )T~ 1 £ for any a € F+. Since T is 
invertible, there exists y € F 2 {H n ) g> £ such that Ty = x. Hence, we have 

(1.14) (5* _L T _1 £, a€F+. 

In particular, if a = e, then we have _L T~ 1 £. Since T is positive, this implies 
y _L £ , and therefore 

(1.15) y= yr>s?®igjy. 

Since T is a multi-Toeplitz operator and using relations (|1.15|) and ()1.14|) . we 
infer that 



T' x £ ± (S* ® Ig)Tj/ = (5* ® 7g)T f SiS* ®h\y = T(S* h)y. 
Therefore, (5* £ED Ig)y _L 5 for any j = 1, . . . , n. Hence, 

(S* ® = ( ® I £ ) (S* ® J £ )y, 



v« = l 



which together with (|1.15|) imply 



\a\=2 
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By induction, we can prove that 

y= ( Y s «Sl®h\ y 
\\ a \=k ) 

for any k = 1, 2, . . .. This shows that y _L (S a Ig) (1 ® £) for any a G F+. 
Hence, y = and x = 0. This proves that is an outer operator. 

Now, let us show that is a bounded multi-analytic operator. Since T is a 
strictly positive multi-Toeplitz operator, we have 

(T(S a ® (S Q <8) if )V»/i> = %l>h) = (TT-t-h, T^k) 

= {T~ l h,k) = (N 2 h,k) , 

for any h,k G 5. On the other hand, if a, /3 G F+ and /3 > a, i.e., there exists 
r G F+ such that (3 = ar, then we have 

(T(S a ® Ietyh, (Sp ® I £ )^k) = ((S; Xa <g> I £ )Tiph^k) 

= ((S^ Q ®J £ )(1® /»),#) = <), 

where /?\a G F+ is uniquely determined by the equation /? = a((3\a). If /? < a, 
then 

(T(,S a ® IeWh, (S p ® I £ )i>k) = (T(5 aV9 ® If #) 

= ((S a \i3®Ie)il>h,l®k) = 0. 

Since T is multi-analytic, if a and /? are not comparable, then 

(T(S a ® l s )^h, (Sp ® / £ )#> = 0. 

Therefore, if / := E|«|< m e a ® and g := E|/3|< P e /3 ® fyg are in F 2 (H n ) ® £, 
then we have 

M<m,|/3|<p 
M<m,|/3|<p 

= ({I®N 2 )(e a ®h a ),ep®kp) 

\a\<m,\/3\<p 

= ((I®N 2 )f,g). 

In particular, by choosing / = g, we get 

IIT^M^/H < ||iV||||/||. 

Since T 1 / 2 is invertible, it follows that can be extended to a bounded op- 
erator on F 2 (H n ) ® £ . Therefore, is a multi-analytic operator. The above 
computations, show that 

(1.16) M^TM^, = I®N 2 . 

Since T is a strictly positive operator, we infer that PgT - 1 |f is an invertible 
operator on £. The equation P^T -1 ^ = N 2 shows that N and I ® TV are 
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invertible. Hence, and using relation (jl.lfijl . we deduce that My is injective. 
Define Ao : range My -> F 2 {H n ) ® £ by setting 

A (Myf) := f, f£F 2 (H n )®£. 

Using relation Ql.lfij) . we have 

\\{I®N)f\\ 2 = (TMyf,Myf) < ||T||||M^/|| 2 . 

On the other hand, since I <8> N is invertible, there exists a constant K > such 
that 

||(/®iv)/|| 2 >ir||/|| 2 = ir||Ao(iv^/)|| 2 . 

Combining these inequalities, we infer 



|Ao(M^/)||<yffl||M^/|| 

for any / 6 F 2 (H n ) <8> £. Since My is outer, Ao can be extended to a bounded 
operator on F 2 (H n ) £g> £. It is clear that 

(1.17) AMy = I. 

On the other hand, if g G F 2 (H ri ) <g> £ and {/fcl^Li is a sequence of elements in 
F 2 (H n ) <gi £ such that Myfk — > <?, as A; — ► oo, then, using (|1.17|) . we obtain 

My Kg = lim MyAMyf k = lim Afy/j. = <?. 

fc— >oo fc— >oo 

Therefore, MyA = /. Now, we can draw the conclusion that is invertible 
and A is its inverse, which is also an outer multi-analytic operator. Moreover, 
relation (|1.16|) shows that 

T = {M^Y{I®N 2 )M^. 

Therefore, (/ (g) N)M7* is an outer spectral factor for T. The proof is complete. 

□ 

Corollary 1.6. // dim£ < oo and T £ B(F 2 (H n ) <g> £) is a strictly positive 
multi-Toeplitz operator, then its entropy e(T) satisfies the equality 

e(T) = -lndet[PgT _1 |£]. 

Proof. According to relations (|1.13|) and (|1.2|) . we have 

e(T) = lndet A T = In det[P £ T^ 2 P Mt T^ 2 \S]. 
Therefore, it is enough to prove that 

(1.18) P e T x l 2 P MT T x l 2 \£ = [P £ T- l \£]- 1 . 
According to (|1.7|) . h € Mt if an d only if 

T x l 2 h _L (Si ® I £ )(F 2 {H n ) ® £ ), i = l,...,n. 
Hence, h £ Mt if and only if T 1//2 /i G £ . Therefore, we have 

(1.19) M T = range (T- 1/2 \£). 
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On the other hand, it is well-known that if X : X% — ► Xi is an injective operator 
with closed range, then X(X* X)~ l X* is equal to the orthogonal projection of 
X2 onto the range of X. Applying this result to the operator 

X := (T-V 2 \£) :£ -» F 2 (H n ) ® £, 

and taking into account relation (|1.19f) . we obtain 

Pm t = {T- l / 2 \£)[P 8 T- l \£]- l {P £ T- l l 2 ). 

This clearly implies relation (|1.18j) . The proof is complete. □ 



I. 2. Operators on Fock spaces and factorizations. In this section, we pro- 
vide factorization results for operators in B(TL\, F 2 {H n ) ® TL2), where Hi is a 
finite dimensional Hilbert space, and for multi-analytic operators (see Theorem 

II. 7|) . generalizing classical results from [22], (SOI, [111? and [HZJ) as wen as some 
extensions to Fock spaces (see [10], jS], and [IE])- A noncommutative multivari- 
able analogue of Robinson's minimum energy delay principle (see |57j ) for outer 
operators on Fock spaces is obtained (see Theorem II. 9|) . 

A positive definite kernel on F+ is a map K : F+ x F+ — > B(Ti) with the 
property that 

k 

y~] (K(ai,aj)hj,hi) > 

for any hi, . . . ,hk G Tt, 01, ■ ■ ■ , <7fc G F+, and k G N. A kernel K on F+ is called 
multi-Toeplitz if 



K(a,uj) := < 



K(a, go), if o = wa for some a G F+; 
K(go,a), if u = aa for some a G F+; 
0, otherwise. 



If K(go,go) = In, (go is the neutral element in F+), then the kernel is called 
normalized. Let 9 G B(H, F 2 (H n ) ® JC), i.e., 

9h= ^ ® ^ for some e <r e B(H, AC) 

with the property that there is c > such that 

\K h W 2 < 4H 2 for any heH. 

Denote by V(7i) the set of all polynomials in F 2 (H n ) (g> TL. Define the linear 
operator Mq : V(H) -» F 2 (H n ) ®Kby Mg(l <8> h) := 0/t and 

M e (e u ® h) := (S u <8> I)c)9h for any h G H, w G F+. 

Since 

M„(5 r i ®J w )|7'(H) = (5i®/x:)M <) |7'(70 ) i = !,...,«, 
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we can view Mg as an unbounded generalized multiplier. In general, Mg cannot 
be extended to a bounded linear operator from F 2 (H n ) (g> H to F 2 {H n ) (g> K. 
However, its matrix representation 

Me := [M^], M a , u := P K (S; ® I K )M e {S u ® I W )|« G 

has each column bounded as an operator from 7i to F 2 (H n ) ® /C. It makes sense 
to define the kernel K e : F+ x F+ -> by setting 

Kg(a,u) := K,a M w 

aGF+ 

where the convergence is in the SO-topology. It is easy to see that Kg is a 
positive definite multi-Toeplitz kernel which is not normalized in general, i.e., 
Kg(gQ,go) j^z I n . Notice that if Mg can be extended to a bounded operator, 
then the operator matrix [Kg (a, u)] awe¥ + represents a multi-Toeplitz operator 
on F 2 {H n ) ® H which is equal to M^Mg. 

In |3Hj, we found an inner-outer factorization for any bounded linear operator 
6 G B(Hi,F 2 (H n ) 55 H2) with Kg(go,go) = I. In what follows, we show that 
the latter condition can be removed if dim "Hi < 00 or, more generally, if the 
operator Kg(go,go) has closed range. Moreover, if Hi is an arbitrary Hilbert 
space, we prove the existence of an inner-outer factorization for any bounded 
multi-analytic operator Mg G R%'®B(Hi,H2)- When Hi = H2, we obtain an 
explicit form of the inner-outer factorization provided in jlU]. Our proof here 
is based on the existence of maximal outer factors for arbitrary multi-Toeplitz 
operators (see Theorem II 

Theorem 1.7. Let Hi and H2 be Hilbert spaces. 

(i) If dim Hi < 00, then any operator 8 G B (Hi, F 2 (H n ) <g> H2) admits a 
factorization 

= M x ip, 

where V> G B(Hi, F 2 (H n ) ® H3) is outer and M x G R™®B(H 3 ,H 2 ) is an 
inner operator. Moreover, the factorization is uniquely determined up to 
a diagonal unitary multi- analytic operator. 

(ii) If Hi is an arbitrary Hilbert space and Mg G R^®B(Hi,H2) is a bounded 
multi- analytic operator, then there exist multi- analytic operators Mw, G 
R£®B(Hi,Hz) and M x G R™®B(H 3 ,H 2 ) such that is outer, M x is 
inner, and 

Mg = M x M^p. 

Moreover, the inner-outer factorization of Mg is uniquely determined up 
to a unitary diagonal multi- analytic operator. 

Proof. Consider the representation 

0h:= ^2 ea®O a h, he Hi, 

where 9 a G B(Hi,H2), and note that 

X := Kg(g ,g ) = £ 9*J a G B(Hi). 
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If X is an invertible operator, then the multi-Toeplitz kernel K 9X -i/2 is normal- 
ized, i.e., Kg x -i/2(go,go) = Ihi- I n this case, we can apply Theorem 3.3 from 
|4*8] to the kernel K 6X -i/2 and get the desired factorization. 

Now, assume that X is not invertible. Let Mq := kerX and Hi = A/"o ® N\ be 
the corresponding decomposition. For each a G F^, denote 

<p a :=e a \Mi eB(M,W 2 ). 

Note that since Hi is finite dimensional, the operator ^2 ae¥ + p a f a G B(Mi) is in- 
vertible. Apply now the first part of the proof to the operator <p G B(Mi, F 2 (H n )® 
H2) defined by 

(ph := ^2 e & &> Pah, h £ Mi, 

and get the factorization 

(1.20) ip = M x <p', 

where tpt G B{Mi, F 2 (H n ) ® H 3 ) is outer and x G #0^3, i^C^n) ® W 2 ) is inner. 
If (/?' has the representation 

= ea (8) (/^/i, /i G M, 

aGF+ 

with 9^ G B(Ni,H 3 ), define the operator ^ G B{H,F 2 {H n ) ® Hz) by 

(1.21) # : = X] e& ®V* P Xi k i keHi. 

Since if' is outer, it follows that tp is also outer. On the other hand, relations 
(|1.20|) . (f 1 .21|> . and 9 a \J\fo = 0, a G F^, imply 6 = M x ip. For the uniqueness, see 
the proof of Theorem 3.3 from |48j . 

Now, let us prove the second part of the theorem. Let G ®B(Hi, Hz) 
be the maximal outer factor of the multi-Toeplitz operator MqMq. According to 
Theorem ll.il we have 

(1.22) m;m 6 = m;m^. 

Define the operator Y : F 2 (H n ) ®H 3 ^ F 2 {H n ) ® H 2 by 



1.23) Y 



\cr\<m 



V 



^ (S a ®i m )0K, KeH x . 

\cr\<m 



Since Mq and are multi-analytic operators satisfying relation (|1.22|) and 
is outer, it is clear that Y can be extended to a unique isometry from F 2 (H n )®Hz 
to F 2 (H n )®H 2 - We also have YM$ = M e . Due to relation (OHl) . one can check 
that 

(1.24) Y(S i ®lH 3 ) = (S i ®I H2 )Y, i = l,...,n. 

Indeed, for any / G F 2 (H n ) ® Hi, we have 

Y(S l ® Jw.JM^/ = FAf^S ® I„ 3 )/ = M (S; 

= I Hl )M e f = (Si ® InJYMjf. 
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Since Mf is outer, relation (|1.24|) follows. According to [H], there exists an inner 
multi-analytic operator M x G R r ^®B{7i 3 ,7i2) such that Y = M^. Therefore, we 
have Mg = M X M^, which is the desired inner-outer factorization. 

To prove the uniqueness, let Mg = M x 'My be another inner-outer factorization 
with M x > G R™®B(H 3 ,H 2 ) inner and My G R™®B{Hi,H' 3 ) outer. Then we 
have 

M* 6 M e = M^M i , = MyMy. 

As we did earlier in the proof, we can find an inner multi-analytic operator 
Z G R^(&B(1-L 3 ,TL 3 ) such that ZM^ = My. Since My is outer, we deduce that 
Z is unitary. According to [311, Z = I®U where U G B(Ti. 3l ^3) is unitary. Now 
the equation M X M^, = M x >My implies M X M^ = M X 'ZM^. Since M^ is outer, 
we obtain M x = M X 'Z. This completes the proof. □ 

Remark 1.8. Theorem 11.71 vart (i) remains true if H\ is an arbitrary Hilbert 
space provided that the operator Kg(go,go) has closed range. 

Given a Hilbert space £, let Vk(£) '■= ffi e a © £ be the set of all polynomials 

\a\<k 

of degree < k. For any Hilbert space £, denote by IP/% the orthogonal projection 
of F 2 {H n ) © £ onto V k {£). We say that 9 G B(£,F 2 (H n ) <g> Q) is outer up to a 
constant inner operator on the left if 9 admits a factorization 9 = M x ifi where 
tp G B(£,F 2 (H n ) © £1) is outer and M x G R^®B(£i,Q) is a constant inner 
operator, i.e., M x = I © V, where V G B{£,Q) is an isometry. Note that if 
Mg G R™®B(£,Q) then M^ G R^®B(£,£x). 

The next theorem is a noncommutative multivariable analogue of Robinson's 
minimum energy delay principle for outer functions (see [HI]) 1^1)- 

Theorem 1.9. Let k be a fixed nonnegative integer. 

(i) If £ be a finite dimensional Hilbert space, then a bounded operator 9 G 
B(£,F 2 (H n ) © Q) is outer up to a constant inner operator on the left if 
and only if 

(1.25) WkM^pW < \\F k Mgp\\, p G V k (£), 

for any operator tp G B(£, F 2 (H n ) © y) satisfying K^ = Kg. 

(ii) If £ is an arbitrary Hilbert space, then a multi- analytic operator Mg G 
R^®B{£ ,Q) is outer up to a constant inner operator on the left if and 
only if the inequality (|1.25j) holds for any multi- analytic operator M^ G 
R™®B(£,y) satisfying M*M^ = M*Mg. 

Proof. Assume that 9 G B(£, F 2 (H n ) © Q) is outer and V G B(£, F 2 (H n ) © y) is 
an operator satisfying = Kg. Define Q : F 2 (H n ) © Q — > F 2 (H n ) © y by 

Q{ Yl ( s ° ® I G) 0h -) : = Yl K g £. 

\cr\<m M<™ 

Since K^ = Kg and 9 is an outer operator, Q extends to an isometry from 
F 2 (H n ) © G to F 2 (H n ) © y such that QM e \V(£) = M f \V(£). Since 

Q(Si®Ig) = (Si®Iy)Q, i = l,...,n, 
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Q is an inner multi-analytic operator. Therefore, M^\P{£") = MfMg\V(£), where 
Mf G R^®B(G,y) is an inner operator. Note that 

F k M e \V(£) = F k M e F k \V{£ ) and F k M f = F k M f F k . 

Consequently, for any p G V k (£), we have 

(1.26) ||P*M^p|| = \\F k M f M eP \\ = \\F k M f F k M eP \\ < \\F k M eP \\. 

Hence, we deduce relation (|1.25j) . 

Conversely, assume that 9 G B(£, F 2 (H n )®Q) is an operator such that relation 
(|1.25|) holds. According to Theorem 11.71 part (i), we have 9 = M x <p, where 
(p G B(£,F 2 (H n )'S)£ 1 ) is outer and M x G R%®B{8-L,g) is inner. Since Kg = K v , 
we can apply the first part of the proof to the outer operator <p, to infer that 

(1.27) ||PfcAf e p|| < ||PfcM^||, p£V k (£). 
Combining relation ([1.25ft (when ip = <p) with relation (|1.27|l . we obtain 

(1.28) ||PfcM fl p|| = ||P fc M v p||, p G V k (£). 
Since F k M x = F k M x F k and M x is inner, we have 

\\F k M eP \\ = \\F k M x M v p\\ = \\F k M x F k M vP \\ < \\P k M v p\\, p G V{£). 

On the other hand, since ip is outer, we can use relation (jl.28j) to deduce that 
F k M x F k is an isometry from V k {£\) to V k (£). Let 

X(a) • X(a) 

be the Fourier representation of the multi-analytic operator M x , and let x G £\. 
Note that if a G F+, |or| = k, then 

F k M x (S a g> I £l )(l <g> x) = F k (S a ® Ig)M x {\ ®x) = e a ® X(o)X- 

Since F k M x F k is an isometry from V k {£\) to V k (£), we have 

|| X (o)x|| = \\F k M x {S a ®I £l )(l®x)\\ = \\(S a ®I £l )(l®x)\\ = \\x\\ 

for any x G £\. Thus X(o) i s an isometry from £\ to £?. Moreover, since M x is 
inner, we deduce that 

\\X( 0) x\\ 2 = \\x\\ 2 = \\M X (1 ® x)\\ 2 = ^ ||x (a) x|| 2 

for any x & £%. Hence, M x = I (gi X(o)> i- e -> a constant inner operator. 

To prove part (ii) of the theorem, note that if Mg G R^®B(£,Q), then 
[Kg(a, uj)] a we¥ + is the matrix representation of the multi-Toeplitz operator MgMg. 
The proof of part (ii) is very similar to the proof of part (i). The only difference 
is that, in this case, we have to use Theorem 11.71 part (ii) for the inner-outer 
factorization of Mg. □ 

Let us mention that, using Remark 11.81 one can show that Theorem 11.91 part 
(i) remains true if Hi is an arbitrary Hilbert space and the operator Kg(gQ,go) 
has closed range. 
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1.3. Prediction entropy for positive definite multi-Toeplitz kernels on 
free semigroups. In this section, we define the notion of prediction entropy and 
prove entropy inequalities for positive definite multi-Toeplitz kernels on the free 
semigroup F+ and multi-analytic operators (see Theorem II. 10|) . We extend the 
classical result (see jHJ) which stated for i? 2 (B) says that if / £ H 2 (B), then 
ln|/(e**)| is integrable and 



i- J* ln\f(e u )\dt>ln\f(0)\. 



Next, we give a characterization for the outer operators in B(£,F 2 (H n ) ® £) 
if dim£ < oo. In particular, we find a noncommutative multivariable analogue 
of the following classical result. A function / € H 2 (H>) is outer if and only if 
/(0) ^ and 

i-^ln|/(e^)|^ = ln|/(0)|. 

Let K : F+ x F+ — > B{£) be a positive definite multi-Toeplitz kernel (not 
necessarily normalized). Define the positive operator Ak £ B{£) by setting 

(1.29) (A K h,h) := inf V" (if (u,a)h a , h w ) , he£, 

h 30 =h, h a (=£ *■ — ' 

where the sum is taken over all finitely supported sequences {h a } a£¥ + C £. When 
dim£ < oo, we define the prediction entropy of the kernel K by 

(1.30) e(K) := lndet A K . 

Let T := [T\ ■■■ T n ], T, G B(H), and define the kernel K r : F+ x F+ -» 
by setting 



K T ((7,uj) := < 



T Q , if u; = (TQ for some a € F+ ; 



T* , if <T = wa for some a E F+ ; 
0, otherwise. 

We proved in ^Sj that the multi-Toeplitz kernel Kq- is positive definite if and 
only if [Ti ■ ■ ■ T n ] is a row contraction. In this case, if dim Ji < oo, we can 
use Theorem 1.3 and Theorem 4.1 from |48j to deduce that the entropy of Kq- 
satisfies 

e(K r ) = lndet(J - T\T* T n T*) 



In what follows, we provide entropy inequalities for positive definite multi- 
Toeplitz kernels on free semigroups and multi-Toeplitz operators on Fock spaces. 

Theorem 1.10. Let £ be a Hilbert space and 9 G B(£,F 2 (H n )(£)£) be a nonzero 
operator. 

(i) If dim £ < oo, then Ax e ^ and 
(1.31) (A Kg h,h) > £ (6*J a h,h), 

\a\=k 
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where k is the smallest nonnegative integer such that 9 ao 7^ for some 
ao £ with \ato\ = k. Moreover, the entropy of the multi-Toeplitz kernel 
Kg satisfies the inequality 



1.32) e(K e ) > lndet 



\a\=k 



(ii) If 8 is an arbitrary Hilbert space and Mq £ R"^®B(£) is a nonzero multi- 
analytic operator, then inequality p. 31(1 remains true. If, in addition, 
dim if- < 00, then inequality (|1. 32(1 holds. 

In particular, if 9 £ F 2 (H n ), then e(K e ) > -00 and e(K e ) > In ^(O)] 2 . 
Proof. Consider the Fourier representation 

Oh := e & ® a h, h £ £, 

and assume that 9(0) / (recall that 9(0) := 9 go £ B(£)). Since dim£ < 00, 
there is an invertible operator X : ker#(0) — ► ker#(0)*. The operator 9 e (0) £ 
B(f ) defined by 

^(0) :=0(O) + eXP ker , (o) 
is invertible for any e > 0. Define 9 e : £ — > F 2 (H n ) <S> £ by 

(1.33) (9 e /i:= l<g>6> e (0)/i + ^ e & ®0 a h, h £ £. 

\a\>l 

Since A/" := ^ e a *9 e a £ B(£) is invertible, we can define the bounded operator 
tp : £ -» F 2 (H n ) (g) £ by setting 

^ : = e - ® e a N- l l 2 h, h £ £. 

ae¥+ 

Applying Theorem 1 1 . 71 part (i), we find an outer operator if : £ — > F 2 (H n ) ® £3 
such that Kjp = K v . Since 

K^(g ,9o) = = l£ i 

we can apply Theorem 4.1 from 0H] to the normalized multi-Toeplitz kernel K^ 
and deduce the equality 

(1.34) inf Y j {K^,a)h a ,K) = {y(0yy(0)h,h), h £ £, 

h go =h, h a ££ i — ' 

where the sum is taken over all finitely supported sequences {h (7 } lT&¥ + C £ . Since 
K^f, = Kip, we can apply Theorem 11.91 part (i) when k = 0, to infer that 

(<p(0)*<p(0)h, h) > (ip(0)*tP(0)h, h), h £ £. 

This inequality together with equation ((1.34(1 imply 

(1.35) > ^(0)V(0). 
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Since K^,(o,uj) = N' 1 / 2 K e (o,uj)N~ 1 / 2 , relation (tP5|l implies 

(1.36) A Kee > e (O)*0 e (O) 
for any e > 0. Note that 

(A Kec h, h) = ® eXP kcre(0) + M e )(/i - p)|| 2 . 

Taking e — > in inequality (|1.36() . we get 

A Kg > 9(0)*9(0). 

Now, assume that 9(0) = and let k is the smallest nonnegative integer such 
that 9 ao ^ for some Oq G with |ckq | = Then we have 

0= ^ e & ® 9 a = ^{Rp® I)A{3 
\a\>k \/3\=k 

for some operators Ap : £ -> F 2 (H n ) ® £. Note that A j3 (0) = /? G F+. Since 
{-R/3}|/3|=fe are isometries with orthogonal ranges, we deduce 

\\M e (h - p)f = \\M A ,(h - p)\\ 2 
\P\=k 

for any h € £ and p G with p(0) = 0. Therefore, applying the first part of 

the proof to each operator A^, f3 G F+ with = k, we have 

inf \\M e (h-p)f > V inf ||Af A .(/i -p)|| 2 
P e?>(£), p(o)=o ifHLfeP £ , p o)=o ^ 

\p\=k 

for any h £ £. Since A ao (0) = 6>q, / and 

(A Ke h,h)= inf ||M fl (/i-p)|| 2 , 
pev{€), p(o)=o 

we deduce that A^- fl 7^ and relation (|1.31|) is proved. The inequality (|1.32|) is 
now obvious. 

To prove part (ii) of the theorem, let £ be an arbitrary Hilbert space and let 
Mq G R^<S>B(£) be a nonzero multi-analytic operator such that 9(0) ^ 0. Using 
the Szego type result of Theorem 11.31 when T = MqMq, we obtain 

(1.37) inf (M;M e (h -p),h-p) = (<p(0)*<p(0)h, h) , 

p€V{£), p(0)=0 

where M v is the maximal outer factor of T. Moreover, due to Theorem ll.il we 
have M^M e = M*M^. Now, Theorem Ol part (ii) implies 

(1.38) (<p(0)*<p(0)h,h) > (9{0)*0(0)h,h) 

for any h G £. Combining relations (|1.37|) and (|1.38jl . we get 

A M * Mg > 9(oyo(o). 

When 9(0) = 0, the proof is the same as that of part (i) of the theorem. Noting 
that A.K g = Am*m 9 and e(Kg) = e(MgMg), one can easily complete the proof. 

□ 
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Let us remark that if £ is an arbitrary Hilbert space and E B(£, F 2 (H n )®£) 
is such that the operator Ke(g$,go) has closed range, then the results of Theorem 
11.101 part (i) remain true. 

Remark 1.11. If f E F 2 (i/i) ; then 

1 r* 



(1.39) e{K f ) = 2^ J ln[/(e )l dt< 

Proof. Under the canonical identification of the full Fock space F 2 {H\) with the 
Hardy space if 2 (B), we have 

infill -p)|| 2 =inf ||/(1 -p)f 



infl-l |l-p( e «)| a |/(e ft )| 2 (ft 



exp 



i- j n in\f(e u )\ 2 alt 



where the infimum is taken over all polynomials p E F 2 (H\) with p(0) = 0. The 
latter equality is due to Szego's theorem [3*T] . According to relation (|1.29|) and 
(fOHjl . the equality (THfflJl follows. □ 

A characterization for the outer operators in B(£, F 2 (H n ) & £) , when £ is finite 
dimensional, is proved in what follows. 

Theorem 1.12. Let k be a fixed nonnegative integer, £ be a finite dimensional 
Hilbert space, and let 9 E B(£,F 2 (H n ) (g> £). Then the following statements are 
equivalent: 

(i) 9 is an outer operator; 

(ii) 9(0) is invertible and if ifi £ B(£,F 2 (H n ) ® £) is such that = Kg, 
then 

||P*Afyp|| < ||PfcM*p||, p6Pi(£); 

(iii) 0(0) zs invertible and 

(1.40) inf V {K e {u,a)h a ,hu) = {9(0)*9(0)h,h) , h & £, 

h a ££, h e =h * — * 

where the sum is taken over all finitely supported sequences {/i (T } (TgF + C £ 
suc/j i/iot /i e = h; 

(iv) 0(0) is invertible and the entropy of the positive definite multi-Toeplitz 
kernel Kq satisfies the equation 

e(K e ) = lndet[0(O)*0(O)]. 

Proof. Assume that 9 is an outer operator. First, we show that the operator 
0(0) := Pg9 E B(£) is invertible. Suppose that there exists y E £, y 7^ 0, such 
that y is orthogonal to the range of 0(0). Note that, for any h E £, a E F+, we 
have 

((S a ®I e )0h,y) = 0, if \a\ > 1, 

and 

(0/i, y) = (9(0)h,y) = 0. 
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Hence, y is orthogonal to the linear span \/ o . gF +(S' (T (8> Ig)6£, which contradicts 
that 6 is outer. Therefore, the range of 6(0) is dense in £ . Since dimf" < oo, it 
is clear that #(0) must be invertible. Now, the implication (i) ==> (ii) follows 
from Theorem 11.91 part (i). Assume (ii) holds. According to the same theorem, 
the operator 6 has a factorization 

(1.41) 8 = M x Vo 

with Vo G B(£,F 2 (H n ) ® £{) outer and M x = I F 2( Hn ) ® V, where V € B(£ x ,£) 
is an isometry. This shows that dim£i < dim£. Since 1S outer, the range of 
ipo(0) is dense in £\. On the other hand, since £ is finite dimensional, V is an 
isometry, and #(0) = Vipo(0) is invertible, it follows that dim£i = dim£. Using 
relation 1)1.41 jl . we deduce that 6 is outer. Therefore (ii)-O- (i). 

Assume now that (i) holds. Since the operator X := 9* a 6 a G B(£) is 

invertible, OX' 1 / 2 <E B(£,F 2 (H n ) ® £ ) is outer and K dx -i/2 (go, go) = I- Conse- 
quently, applying Theorem 4.1 from we get 



inf y^(K ex - 1/ 2(u,a)h a ,h u ,) = (e(0)*0(0)X- 1 / 2 h,X- 1/2 h), h e £ , 

A, h a ££ * — ' \ / 

where the sum is taken over all finitely supported sequences {/i cr } crgF + C f. 
Hence, (iii) follows. Assume now that (iii) holds. Let tp : £ -> F 2 (H n ) <g> £ x 
be the maximal outer factor of the multi-Toeplitz kernel K gx -i/2- According 
to Theorem 3.3 from ? we have K gx -i/2 = K v . Using relation 1)1.40)1 and 
Theorem 4.1 from 1481 . we obtain 



9(Q)*e(Q)X- l ' 2 h,X- l / 2 h) = inf V {K 9x - 1/2 (u, a)h a , h 



h 90 =h, h a e£ • 

= (<p(0)*<p(0)h,h) 

for any h 6 £ . Now, as in the proof of Theorem 11.91 fwhen k = 0), we obtain the 
factorization 

ex~ 1/2 = M x y, 

where M x = I F nr H \ eg) W and W € B(£\,£) is an isometry. Since 6 and X are 
invertible and 9(0)X- 1 / 2 = W<p(0), we must have W£\ = £. Thus, M x is a 
unitary operator. Since ip is outer, it is clear that = My^pX 1 ! 2 is outer, i.e., (i) 
holds. Therefore (iii)-<=> (i). 

To prove the equivalence (iii) 44> (iv) is enough to show that if 9(0) is invertible, 
then A Ke = 6(0)* 6(0) if and only if 

(1.42) detAjf, = det[0(O)*0(O)]. 
Indeed, according to Theorem II .101 we have 

A Ke > 9(0)*6(0). 
Hence, it follows that there is a contraction C € B(£) such that 

(1.43) 6(0)*6(0) = A^C*CA][ 2 e , 
whence we deduce that 

(1.44) det[0(O)*0(O)] = det A Kg det(C*C). 
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Since 9(0) is an invertible operator, one can see that relations (|1.42[) and (|1.44j) 
imply that det (C*C) = 1. Hence, and using the fact that C is a contraction, we 
get C*C = I. Thus, relation (|1.43j) becomes 9(0)* 8(0) = A^ e , which proves our 
claim. The proof is complete. □ 

Corollary 1.13. If f € F 2 (H n ), then f is outer if and only if f(0) ^ and 

e(K f ) = ln\f(0)\ 2 . 

Note that in the particular case when n = 1 and £ = C, Theorem 11.121 and 
Remark 11.111 imply the following classical result. A function / G H 2 (0) is outer 
if and only if f(0) ^ and 

i- ^ ]n\f(e it )\dt = ln\f(0)\. 

1.4. Extreme points of the unit ball of Ffi°. It is well-known jHJ that a 
function / G H°°(D) is an extreme point of the unit ball of H°°(ID) if and only if 

J\n(l-\f(e*)\ 2 ) dt = -oo. 

In what follows, we present some results concerning the extreme points of the 
unit ball of the noncommutative analytic Toeplitz algebra F£° and F!^(g>B(Tl), 
where dim 7i < oo. In particular, we prove that if ip G F£°, \\(p\\ < 1, and the 
entropy E((p) = — oo, then ip is an extreme point of the unit ball of F£°. For the 
converse, a weaker form is provided. 

Let \V{ ■ ■ ■ V£\, V[ G B(IC'), be isometries with orthogonal ranges on a Hilbert 
space K' and let B : F 2 (H n ) <8> £ — > K! be a contractive generalized multiplier 
with respect to {Si (g> Ie}^ =1 and {V-}™ =1 , i.e., 

B(Si®I e ) = VlB, i = l,...n. 

Note that 

(St ® I £ )(I F 2 {Hn)m ~ B*B){Sj ® h) = Sijl^H^s - B*V(*V 3 B 

= &ij(lF 2 {H n )®£ ~ B*B) 

for any i,j = 1, . . . ,n. Therefore, F> 2 B is a multi- Toeplitz operator on F 2 (H n )(&£. 
If dim£ < oo, we define the prediction entropy of the generalized multiplier B 
by setting 

(1.45) E(B) := e(D 2 B ). 

In particular, if JC' := F 2 (H n ) <g> K. and V- := Si Ijc, i = 1, ■ ■ ■ ,n, then the 
generalized multipliers B are multi-analytic operators on Fock spaces. Let : 
F 2 (H n ) <g> £ -> F 2 (H n )®1C be a multi-analytic operator, i.e., 6 G R™®B(£,K). 
If ||0|| < 1 and dim£ < oo, then the prediction entropy of the multi- analytic 
operator satisfies the equation 

E(Q) =lndetA(6), 

where 

(1.46) (A(Q)x, x) := M{((I - G*G)(x -p),x-p): p G F 2 (H n )®£, p(0) = 0} 
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for any x E £ . Using Szego's theorem in the particular case when n = 1 and 
£ = K, = C, we have 



E{f) = h /*k(l-|/(e ft )| a ) dt > 



which is the classical definition of the entropy of / G i7°°(D) with ||/|| < 1. 

Since = U*F£°U, where U is the flipping operator, all the results of this 
section are true for both algebras F£° and R^ . 

Theorem 1.14. Let Mg G R^®B(£) be such that \\Mg\\ < 1. 

(i) If A(Mg) = 0, then Mg is an extreme point of the unit ball of R^®B{£). 

(ii) Assume that there is a multi- analytic operator M v G R!^®B{£), Mu, ^ 0, 
such that its range is orthogonal to the range of Mg . If dim £ < oo and 
the entropy E{Mg) > —oo, then Mg is not an extreme point of the unit 
ball ofR™®B{£). 

Proof. Assume that A(Mg) = 0, and let G G R™®B(£) be such that 
||M tf + G||<l and \\Mg - G\\ < 1. 

Hence, we get 

MgMg + G*G < I, 

whence 

inf (G*G(h-p),h-p) < inf ((I — MgMg)(h - p),h — p) 
PGV(£), p(0)=0 P&V(£), p(0)=0 

= (A(M e )h,h) = 0, 

for any h £ £. Hence, and using Theorem II. 1UI we obtain 

= inf (G*G(h -p),h-p)> (G(0YG(0)h, h) 
pev(£), P (0)=o 

for any h £ £. This implies G(0) = 0. Now, assume that G ^ and let k be 
the smallest nonnegative integer such G ao ^ for some ceo G with |cko I = 
Using again Theorem II .101 we get 

0= inf (G*G(h-p),h-p)>(G* ao G ao h,h) 
pev(£), p(o)=o 

for any /i G £ , which implies G ao = 0, a contradiction. Therefore, G = and 
consequently Mg is an extreme point of the unit ball of R^®B(£). 

We prove now the second part of the theorem. Let Mg G R^(&B(£) and assume 
that dim£ < oo and \\Mg\\ < 1. Since the entropy of Mg satisfies the equation 
E(Mg) = e(I — Mg Mg), we can apply Corollarv ll.2l to the multi- Toeplitz operator 
I — MgMg in order to find an outer multi-analytic operator G R^®iB(£) such 
that 

(1.47) M* e Mg + M;M^ < I. 

Define the operators 

X := Mg + M v M^p and Y := Mg — M^M^. 
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Since the operators Mg and M v have orthogonal ranges, we can assume that 
|| .My || < 1. Using relation (|1.47|) . we obtain 

X*X < MgMg + M^M*M^M^ < 1. 

Similarly, we get ||Y"|| < 1. Since M e = \{X + Y) and X / Y, we deduce that 
Mg is not an extreme point of the unit ball of R^®B{£). This completes the 
proof. □ 

Let us remark that if £ = C, then A(Mg) ^ if and only if the entropy 
E(M e ) > -oo. 

Corollary 1.15. If p £ F£° (resp. A n , the noncommutative disc algebra), \\(p\\ < 
1, and E(M V ) = — oo, then ip is an extreme point of the unit ball of F£° (resp. 

A n ). 

Whether or not the converse of this corollary is true remains an open problem. 
For the time being, according to Theorem 11.141 we have a weaker form, namely, 
if (p E F£°, I Ml — 1' an d there is ip £ F^ such that ip and ip have orthogonal 
ranges, then ip is an extreme point of the unit ball of F^° if and only if the entropy 
E((p) = — oo. 

In [2], we prove that H°°(D) can be completely isometrically embedded into 
the noncommutative analytic Toeplitz algebra F^ by the mapping / i— > f(S\), 
f € H°°(D). Surprisingly, under this embedding, the extreme points of the unit 
ball of #°°(B) remain so in the unit ball of F^°. 

Theorem 1.16. A function f € H°°(TD>) is an extreme point of the unit ball of 
H°°(D) if and only if /(Si) is an extreme point of the unit ball of F^° . 

Proof. If / € iJ°°(B) is an extreme point of the unit ball of H°°(D), then accord- 
ing to [HI], 

E{f) = h £ r Ml-|/(e tt )| a )cft = -oo. 

Accorging to relation (|1.46|) and the remark that follows, it is clear that E(f(S\)) < 
E(f). Therefore, we have E(f(Si)) = — oo. From Corollary 11.151 it follows that 
/(Si) is an extreme point of the unit ball of F^ . 

Now, assume that / G H°°(D) is not an extreme point of the unit ball of 
H°°(p). Then there exist <p,ip G (H°° (B))i, ip / ip such that / = Since 
the map / i— > /(Si) is a complete isometry of H°°{p) into F£°, and /(Si) = 
f(Si)+il}(Si) ^ we deduce that /(Si) is not an extreme point of the unit ball of F£°. 
This completes the proof. □ 

This result shows that there are extreme points of the unit ball (F n * > )i which 
are not inner operators. Indeed, if / £ i?°°(B) is an extreme point of the unit 
ball of if°°(B) such that / is not an inner function (see jSB); then, according 
to Theorem 11.161 /(Si) and Sj/(Si), i = 2, ...,n, are also extreme points of 
the unit ball of F£° which are not inner operators. For some other examples, 
take tp(S2, • • • , S n ) £ to be inner operator such that ip(0) = 0, and note that 
(/?(S2, . . . , S n )/(Si) has the required property. 
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2. NONCOMMUTATIVE COMMUTANT LIFTING THEOREM: GEOMETRIC 
STRUCTURE AND MAXIMAL ENTROPY SOLUTION 

We obtain several geometric characterizations for the multivariable central 
intertwining lifting, a maximum principle, and a permanence principle for the 
noncommutative commutant lifting theorem. Under certain natural conditions, 
we find explicit forms for the maximal entropy solution of this multivariable 
commutant lifting theorem, and concrete formulas for its entropy. 

2.1. Multivariable intertwining liftings and geometric structure. In this 
section, we obtain some results concerning the geometric structure of the inter- 
twining liftings in the noncommutative commutant lifting theorem (see |38j and 
|41j ). It is shown that there is a one-to-one correspondence between the set of 
all intertwining liftings with tolerance t > and certain families of contractions 
{Ck\kLi and {A Cf } Q , GlF + (see Theorem 12.21 and Theorem 12.3(1 . The geometric 
structure of the multivariable intertwining liftings will play an important role in 
our investigation. 

Let us recall from |37j . |38j . and [22] a few results concerning the noncommu- 
tative dilation theory for sequences of operators (see [S3 for the classical case 
n = 1). A sequence of operators T := (Ti,...,T n ), Tj G B(H), is called row 
contraction if 



We say that a sequence of isometries V := (Vi, . . . ,V n ), V t G BQC), is a mini- 
mal isometric dilation (m.i.d.) of T on a Hilbert space K, D Ti if the following 
properties are satisfied: 



If V satisfies only the condition (i) and P-nVi = T^Ph, i = 1, . . . , n, then V is 
called isometric lifting of T. The minimal isometric dilation of T is an isometric 
lifting and is uniquely determined up to an isomorphism |38| . 

Let us consider a canonical realization of it on Fock spaces. For convenience 
of notation, we will sometimes identify the n-tuple (Ti,...,T n ) with the row 
operator [Ti ••• T n ]. Define the operator Ar : ©™ =1 H — ► ffi™ =1 7Y by setting 



D T := (J©n =1 w - T*Ty/ 2 , and set V := D r ((£)™ =1 H), where <S)] =1 H denotes the 
direct sum of n copies of H. Let A : H -»■ 1 <8> V C F 2 (H n ) ®Dbe defined by 

Dih := 1© Ar(0, ...,0,h,0, ...). 



Consider the Hilbert space K := H © [F 2 (H n ) <g> V] and define Vi : fC -> fC by 



TiT* + h T n T* < It-l- 



(i) V?V- = for all i ± j, %, j G {1, . . . , n}; 

(ii) y/ |W = T* for all j = 1, . . . , n; 

(iii) K = V/ 



i— 1 times 



(2.1) 1 
for any /i G W, ^ G F 2 



© e) := li/i © [Dih + (S'i ® /2?)e] 
2 (H n ) ®T>. Note that 



(2.2) 
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with respect to the decomposition K, = H © [F 2 (H n ) (g) P]. In [HE], we proved 
that V := [Vi ■ ■ ■ V n ] is the minimal isometric dilation of T. Let Tio := Ti and 

n k := H k -i \/( V V ^k-i) if k > 2. 

|a|=l 

Note that K. = VfcLo^' ^ c ^-k+i, arid all subspaces Hk are invariant under 
each V*, i = 1, . . . , n. On the other hand, we have 7i\ =7i©T> and 

U k = U® e a ®V if > 2. 
|a|<fe-l 

Denote V := T and V fc := [V ljk • • • K,fc] if fc > 1, where := PH h Vi\H k , for 
any z = 1, . . . ,n, and P-H k is the orthogonal projection from K, onto Hfe. Note 
that the operators Vi k , i = 1, . . . ,n, are partial isometries with orthogonal final 
spaces and initial space Tik-i- It is easy to see that V is also the minimal isometric 
dilation of V k , V*\u k = V* k , and 

V* = SOT- Km V* k P Hk 

k — >oo 

for any i = 1, . . . ,n. On the other hand, let us mention that V^+i is the one-step 
dilation of i-e., Tik+i = TLk© Dv h {® r j=i^-k)i and, for each i = 1, . . . ,n, 

V5,fc+i(a:©y) = V itk x ® D Vk (0, . . . ,0,x,0, . . .) 

i—l times 

for any x <E Hk and y € D\? k {®^ = {Hk) ■ 

Let T' := [T{ • • • T^], T/ € B(H'), be another row contraction and let V : = 
[^1 ' ' ' ^n] b e the minimal isometric dilation of T' on the Hilbert space KJ := 
Ti' [F 2 (iTn) ® T> r ,\. Let A G B(H,W) be an operator satisfying ATj = T[A, 
for any i = 1, . . . ,n. 

An intertwining lifting of A is an operator B € B(IC, Kf) satisfying BVi = V-B, 
for any i = l,...,n, and P W B = AP n . Let V' k := [V{ jk ■■■ V^ k ], k > 0, 
V^' fc := Pi-c k V/\Hk, be the fc-step dilation of T . An operator Ak G B(Hk,'H' k ) is 
a fc-step intertwining lifting of ^4o := A, if 

^i'fc^fc = -4fc^i,fc i = l,...,n, 

and Pn'A k = APj^\Hk- A sequence {^4fc}£L OI " ^ _s tep intertwining liftings of A 
is compatible if 

P K A k+ i = A k P Hk \n k +i, fc = 0,l,.... 

Note that the sequence {^4fc}£L * s compatible if Ak+i is a one-step intertwining 
lifting of Ak for any fc = 0, 1, . . .. According to (see [U for the classical case 
n = 1), there is a one-to-one correspodence between the set of all multivariable 
intertwining liftings B of A such that ||S|| < 1 and the set of all compatible 
sequences {Afc}£L , \\A k \\ < 1, of fc-step intertwining liftings of A. Moreover the 
correspondence is given by 

B = SOT — lim A k Pfi k and A k = P Hk B\H k , fc = 0,l,.... 
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The noncommutative commutant lifting theorem (see ; |4()| . |41j ) states that 
there always exists an intertwining lifting B of A with ||£?|| = \\A\\ (see j^Sj, |21j 
for the classical case). 

Define the subspaces 



(2.3) 



N '■ = { E DATihi D ri®i=ihi) ■ ®2=ifH e ffi? =1 ft I , 



. i=i 



M : = [V a @V t ]QN. 
and the operator W : N -> £>r' © (©iti^U) by setting 

(2.4) W f^Ailto ©£>r(©Li^l := D T '(®? =1 Ahi) © (©^Da^)- 
Since ATi = i = 1, . . . , n, we have 

2 

+ ll^r(©r=i^)ll 2 



^2D A Tihi 



8=1 



1=1 



©r=i ^ 



i=l 

n 



+ \\D r {®Uh 



i=i 



i=l 



= £(||£> A M 2 + I|4M 2 ) 

i=l 
n 

= ^||^/ l ,|| 2 + || J D r ,(et 1 ^)|| 2 . 

i=l 

Due to these calculations, it is clear that W is an isometry. Consider the subspaces 
M' : = jf>T'(©?=i^) © (®i=iD A hi) : ©? =1 ^ G ©?=iw| , 

and note that W : — > TV' is a unitary operator. As in one can prove that 
(2.5) Pm>(Vt> ®{0}) =M'. 

Consider the orthogonal projections: 

P v , : V r , © (®] =1 V A ) V T ,, P v , [d © (©7 =1 d,-)] := d, 
^ : 2> r , © (©? =1 I>a) -> £>A, ^[d © (®]=idj)] := <k 
for any i = 1, . . . , n. 

Taking into account the results from (see for the case n = 1), we can 
prove the following. 
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Theorem 2.1. Let T := [Ti ••• T n ], T { G and T' = [T{ ••■ T' n ], 

T[ G B(TC'), be row contractions, and let V and V' be the corresponding min- 
imal isometric dilations, respectively. Let A G B{7i,7l') be a contraction such 
that ATi = T[A for any i = 1, . . . , n. Then there is a one-to-one correspondence 
between the set of all contractive one-step intertwining liftings A\ of A and the 
set of all contractions C : M — > M' , and any contractive one- step intertwining 
lifting A\ : TL © V r -> 7i' © V?> of A is given by 



(2.6) 



-4i 



In 
P VI {WP N + CP M ) 



ap h 

D A © Iv T 



where C : A4 —* .M' is a contraction. 

Moreover, there exists a unitary operator 0, : 2?^ 



(©ILl^ffifc satisfying 



(2.7) 



-Pi 



(WP n + CPm) 
D c Pm 



(D A ®I V ). 



Proof. Let A\ : TL ® T>f — > W © Ar' be a contractive one-step intertwining 
lifting of A Since < 1, A*\TC' = A*, and taking into account the geometric 
structure of 2 x 2 matrix contractions, we deduce that 



-4, 



A 
XD A Y 



A 


0" 




Ti 0" 




'Ti 0" 






0" 


XD A 


Y 




Di 




Di 






y 



where [X Y] : © Z>r — * "Dt is a contraction. One the other hand, we must 
have 



for any i = 1, 
for any i = 1, 



, n. This equality holds if and only if 

ATi = T[A and XD A Ti + YD { = A 4. 
, n. The latter relation is equivalent to 



[X Y] 



D A Ti 
Di 



1, . . . ,n, 



which shows that [X Y]\Af = Fq, where the operator Fq : Af — > XV' is defined 
by 



(2.9) 



Fn 



Y,D A Tih i ®Dr{® r } =1 h i 



i=l 



ZV(©?=i^)- 



It is well known (see |21| ^ that the set of all contractions satisfying the equation 
[X Y]\M = F is given by 



[X Y]=F P N + D FS F l P M , 
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where F\ : A4 — » Dp* is an arbitrary contraction. Then any contractive one-step 
intertwining lifting A\ of A is given by 

(2.10) Ax 



I H 
FoPx + DpjFiPM 



AP H 



where F\ : A4 — > Df q * is an arbitrary contraction. Moreover, there is a one-to-one 
correspondence between the set of all contractive one-step intertwining liftings 
Ai of A and the set of all contractions F± : Ai — > 2?p* . 

Since 

(2.11) F = PjyW, 
we have 

\\D FS hf = \\hf - ||F *|| 2 = \\hf - \\W*P M ,P^hf 
= \\h\\ 2 - \\Px>P£,h\\ 2 = \\PM'P£>h\\ 2 

for any h 6 T>'. Hence, the relation RDp* = Pj^/P^, defines an isometry from 
Up* into Ai'. Using relation (|2.5[) . we infer that R is onto. Therefore, the 
operator R* : Ai' — » £>f * is unitary and 

(2.12) L»^i?* = P 27 /|>('. 
Now, using relations (|2~TU|) . (|2~TT1) . and l(2~T2|) . we get 



JVC^iV + d F5 r*rf 1 p m 

In 
iV(WV + (PdHMO^i^Pm 



AP W 

ap w 

D A © /d t 



which proves relation (|2.fij) . where C := PFi : .M — > .M'. Now, define the 
operator 



V :H®V ->H' 
by setting 



V 



i=l 



i 2? c ~ (H' © Z>') 



V := 



/ 

W^FV + CPx 
D c Pm 



AP W 
D A ®Iv 



Note that V is a product of two isometries. According to relation (|2.6[) . we have 
Ai = P-H'eo'U. For each s € © 2?, we get 



l 2 -IAix|| 2 



P/ „ \ Fx 

) Pa ®V c 



\Vx\ 



\Aix\ 
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n 

Hence, it is clear that Vl defines an isometry from T>a x to ( ffi V A ) ffi T^c- On the 
other hand, for any hi G TC, we have 



flD Al [Y,T i h i @Dr{® i : =1 hi 



vi=l 



Pi 



P, 



i=l 



W D ATihi © D T ((B? =1 hi)J © 
© 0. 



Hence, the range of f2 contains the subspace ffi D&hi © {0}. Notice that, if 

i=l 

n 

x € M, then QD Al y = z®D c x for some z€ ffi P^. It is clear that {<d}®V c M 

i=l 

is also in the range of Q. Therefore, O is unitary. The proof is complete. □ 

A repeated application of Theorem 12.11 provides compatible contractive se- 
quences {Ak}^L of fc-step intertwining liftings of A. Setting B := SOT — 
lim AkP-Hf,, we get an intertwining lifting B of A satisfying ||^4|| = which 

k^oo 

proves the noncommutative commutant lifting theorem. For details, see |41| 
(resp. [25 f° r the classical case n = 1). 

We should mention that, as in the classical case, the general setting of the 
noncommutative commutant lifting theorem can be reduced to the case when 
T := [Ti ■ • • T n ] is a row isometry (see Corollary 2.2 in |55| ). 

Due to this reason, we will assume from now on that T := [T\ ■ ■ ■ T n ] is 
an isometry. Let V k := [V{ k ■■■ V^ k ], k > 0, Vf >k := P Hk V(\H k , be the k- 
step dilation of V := [T[ ■■■ T^\. Let A € B(H,W), t > 0, and assume that 
\\A\\ < t. Define the defect operator D A ,t '■= (t 2 I — A* A) 1 / 2 and the subspace 
T>A,t '■= DAtH- I n the particular case when t = 1, we use the classical notation 
D A) i ■= D A and V A ,\ ■= V A . 

We say that A k : TC —>■ TL' k is a fc-step intertwining lifting of Aq := A with 
tolerance t > if \\A k \\ < t, V( k A k = A k Ti, for any % = 1, . . . , n, and Pn'A k = A. 
Note that V, := Vyi can be identified with © e a © T>', where T>' := T>q->. For 

k \a\=k 

each k > 0, define the following subspaces: 



(2.13) 



and 



Nk- = \J2 D Ak ,tTihi : ®f =1 hi £ ®2 =i n \ C V Ak ,t, 



M k : = V Ak ,teAfkQT>A k ,t, 



. i=l 



M' k : = [V' k ®{®UVA k ,t)]eN' kl 
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where D' k := D^. Note that jV = Af, M 
Consider the orthogonal projections: 

Pv h ■ v' k © (e] =1 v Ak ,t) -» v' k , 

Pi, k ■■ v k © m =1 v Aktt ) -> z? AfeitJ 



.M, TVq = A/ 7 , and Aln = Af. 



P 



for any i = 1, 



, n. 



Note that Pp/ 



P»,fc[d©(©/=ldi)] == 
Pi for any i 



dj 



Define the unitary operator Wf. : M k 
(2.14) Wklj^DA^hA :=D' k { 



Pv> and Pj )0 
■A^by 



1, . . . ,n. 



=1 A fe 7ii) © (ffi" =1 A4 fc A) 



vi=l 



Note that if k = and t = 1, then we have Wq 
particular case when T is a row isometry). 

Now we can prove the following result. 



W (see relation (|2.4|) in the 



Theorem 2.2. Let T := [T± ■ ■ ■ T n ], Ti € B(7i), be a row isometry and let 
T := \T[ ■■■ T^], T[ € B(Tt'), be a row contraction with minimal isometric 
dilation V' . Let A £ B(H,H'), t > 0, be such that \\A\\ < t and AT { = T[A for 
any % = 1, . . . , n. For each k = 0, 1, . . let A k be a k-step intertwining lifting of 
A with \\Ak\\ < t. Then any one-step intertwining lifting A k+ \ of A k such that 
\\Ak+i\\ < t is given by 



(2.15) 



Ak+i 



A k 

P V i(W k P Mk + C k P Mk )D Akjt 



where C k : Ai k — » M! k is a contraction. Moreover, there is a one-to-one corre- 
spondence between the set of all one-step intertwining liftings A k+ i of A k with 
ll^fc+ill < t and the set of all contractions C k : A4 k — > Ai' k , and there exists a 

\ 

^A k ,t ffi^C fc satisfying 



unitary operator Q k : D A 



fc+ii 



(2.16) 



£l k D A 



fc+ii 



J =1 
Pi,fc 



P 



n,k 



(W k P Nk +C k P Mk )D Ak ,t 

Dc k PM k P>A k ,t 



Proof. Let A £ B(H,H') be such that \\A\\ < t and AT { = T[A for any i = 
1, . . . , n. Note that since T is a row isometry and \\A\\ < t, Theorem 12 . II remains 
true in a slightly adapted version. More precisely, taking into account that XV = 
{0} and replacing D A with D A j, we deduce that any one-step intertwining lifting 
Ai of A such that < t is given by 



(2.17) 



A 

Pd'{WPm + CP m )D a ,. 



where C : A4 — > M' is a contraction. Moreover, there is a one-to-one corre- 
spondence between the set of all one-step intertwining liftings A\ of A such that 
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A±\\ < t and the set of all contractions C : A4 — > M', and there exists a unitary 
operator O : £>Ai,t — > (©?=i^A,t) © satisfying 



Pi 



P, 



{WP N + CP M )D A , t 



D c P M DA,t 

Since A k +i is a one-step intertwining lifting of A k , we can apply the first part of 
this proof to the A:-step intertwining lifting A k of A, and complete the proof. □ 

According to Theorem 12.21 there is a one-to-one correspondence between the 
set of all intertwining liftings of A with tolerance t, and the set of all contractions 
C k : M k -> ML k= 1,2,..., given by 



B = SOT - lim A k P Hk 



where the sequence {A k } is defined by 1)2.15(1 . We remark that if t = 1, then this 
correspondence is, up to unitary operators, exactly the one obtained in (see 
|21j for the case n = 1) between the set of all contractive intertwining liftings of 
A and the set of all generalized choice sequences. 

Now, we show that there is a one-to-one correspondence between the set of 
all intertwining liftings with tolerance t > and certain families of contractions 



Theorem 2.3. LetT := [Ti ■ ■ ■ T n ], Ti G B(TL), be a row isometry and letT' : = 
[T{ ■ ■ ■ T^], T- G B(H'), be a row contraction with its minimal isometric dilation 
V ■= [V{ ■ ■ ■ V£\, V( G B(K'), on the Hilbert space K! := W © [F 2 {H n ) g> V']. 
Let A G B(Ti,H') be such that \\A\\ < t and 



ATi = T[A, j = i,...,n. 

Then B is an intertwining lifting of A with respect to V' and tolerance t > if 
and only if B has a matrix decomposition 

A 



(2.18) 



B 



AD Ait 



:H^H' ®[F 2 {H n )®V\ 



(2.19) 



where A : T> A .t F 2 {Hn) <X> £>' is a contraction with Ah = ^ agF + e ° ® ^-ah, 
h G T>At, an d such that the operators A a G B(T>A,t,T>') are given by 

k go =P v ,WPx + Y go P M 

Ag ja = A a PjWP N + Yg. a P M , 

j = 1, . . . , n, for some contractions Y a G B(M,D'), a G F+, where the subspaces 
N and M. are defined by relation 1)2.13)) (when k = 0). Moreover, the families of 
contractions {A a } ae¥ + and {Ya} a( zf+ uniquely determine each other. 

Proof. Since B is an intertwining lifting of A with respect lo V' we must have 



B 



H^H' ®[F 2 {H n )®V'}. 
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It is easy to see that < t if and only if ||-X"fo|| < H-D^t/iH, and therefore, if 
and only if there is a contraction A : T>A,t ~^ F 2 (H n ) 0<D D' such that X = AD A j. 
Note that A is uniquely determined by B. Since BTi = V-B and ATi = T[A for 
any % = 1, . . . , n, we can use relation ()2.2|) and get 

(2.20) AD Att Ti = D\A + (5< ® I V ')^D A>t 
for any i = 1, . . . , n. Setting 

Ah = e a (g) A a /i, /i G Pa,*, 

we infer that relation Q2.2UJI is equivalent to 

e p ® ApD A>t Tih = 1 ® D[Ah + ^ e fta ® A a D A ^h 

/3eF+ «GF+ 

for any /i G T) A ,t and i = 1, . . . , n. It is clear that the latter equality is equivalent 
to the following equations: 

(2.21) K - D » T ' = ^ 

A 9ja DA,tTi = 6ijA a D Ait 

for any i, j G {1, . . . ,n} and a G F£. We recall that 

(2.22) P M D Ait Tih = and P j WP/fD A , t 'T i h = 6 ij D At th 

for any h € Ti. and i,j G {1, . . . , n}. On the other hand, relation 1)2. 4J) implies 

(2.23) iw f^D^TiM = D'(er =1 ^)- 

Taking into account relations 1)2.22)1 . ()2.23j) . and ()2.21)) . we deduce 

P^WP^D^ = P v ,WD At Ti = D[A 

= A gQ D A)t Ti = A go Pj^D Ait Ti 

for any i = 1, . . . , n, which implies 

Ag =PD>WPtf + Y go P M , 

where Y go G B(M,V). Using again relations (J222J), <J22i9>, and 1(231)1 . we obtain 
AaPjWP^D^Ti = 5{jA a D A t = A gia D At Ti 
= Ag ia Pj^D Att Ti 

for any j, j G {1, . . . , n}, which implies 

A 9ja = A a P,VFP^ + y %a P^, , j = 1, . . . , n, 

where Y g . a G B(M,D'). Now, it is easy to see that the families of contractions 
{A Q } QgF + and {Y a } ae¥ + uniquely determine each other. The proof is complete. 

□ 
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2.2. Central lifting in several variables and geometric characterizations. 

The main results of this section (see Theorem 12.41 and Theorem I2.5|) show that 
the intertwining lifting corresponding to the parameters Ck = 0, k = 1,2,..., 
(resp. A a = 0, a G F+) coincides with the central intertwining lifting with tol- 
erance t, for which we have an explicit form. At the end of this section, we 
show that, under certain conditions, there is only one intertwining lifting B of 
A such that ||-B|| = ||j4||, namely the central intertwining lifting. The geometric 
structure of the central intertwining lifting will play a very important role in our 
investigation. 

Our first result shows that the intertwining lifting of A corresponding to the 
parameters Ck = for any k = 1, 2, . . ., coincides with the central intertwining 
lifting B c of A (as defined in [53] when t = 1). 

Theorem 2.4. Let A G B(H,H'), t > 0, be such that \\A\\ < t and AT { = T-A 
for any i = 1, . . . ,n, where T := \T\ ■ ■ ■ T n ], Ti £ B(7i), is an isometry and 
T := [T{ ■ ■ ■ T^), T[ G Bin'), is a row contraction. Let K' := H' ®[F 2 {H n )®V] 
and V' := [V{ ■ ■ ■ V£\, V( G B(IC'), be the minimal isometric dilation ofT. 

Then the intertwining lifting of A with tolerance t corresponding to the pa- 
rameters C k = 0, k = 1, 2, . . is given by B c : H ->■ H' [F 2 {H n ) <g> V'\ and 



where E go := Lx> At and E{ := PiWPj^f for any i = 1, . . . ,n. In particular, we 
have B*\W = A* and \\B C \\ < t. 



Proof. Let {Ak}"^L be the set of the fc-step intertwining liftings of A with || A^\\ < 
t, obtained by setting = for any k = 0, 1, . . .. Then, for each k = 0, 1, . . ., 
the operator A^+i is the one-step intertwining lifting of A^ when Ck = 0, and 
Aq = A. According to Theorem 12.21 we have 



(2.24) 




Aih = Ah © 1 8) (P v/ WPM)D Ait h, heH. 



By induction, we assume that 



(2.25) 




H<fc-i 
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Note that, for each h G 7Y, we have 



t 2 \\h\\ 2 -\\A k h\\ 2 = t 2 \\h\\ 2 -\\Ah\\ 2 - \\(PwWPjs)EzD Ait h\\ 



\<k-l 



\D A ,th\\ 2 ~ Y \\WP N E d D A +h\\ 2 - \\(PiWP M )EzD A „ 



\<k-l 



i=l 



= \\D A , t h\\ 2 - \\PMEaD At h\\ 2 + E Y W E ^DaM 2 

\o\<k-l t=l |<r|<fc-l 

= \\D At h\\ 2 - \\P M D Ait h\\ 2 - Yl \\PME&D u h\\ 2 + Y W E a D A,th\\ 

l<\a\<k-l l<\u\<k 

= \\P M D At h\\ 2 + \\PmEbP>aM 2 + Y \\ E ^D A , t h\\ 2 - 

l<M<fc-l \u\=k 

Hence, we infer that \\Ak\\ < t and 

\\DA k ,th\\ 2 = Y \\PMEaD A , t h\\ 2 +J2\\EzD Ait h\\ 2 . 



\a\<k-l 

Now, it is clear that there is an isometry 



M=fc 



satisfying the equation 



\a\<k-l 



\u>\=k 



e u <S> V A l 



(2.26) Z k D Ah}t h = Y PM E aD A}t h © Y e " ® E ^D At h 

\H<fc-i / \M=* 

for any h £ TC. 

We show now that Z k is a unitary operator. First, note that 

PjWPMDAjTih = 6 id D At h and P M D At T t h = 
for any h € W and i, j £ {1, 2, . . . , n}. Hence, we infer that if |<r| = then 

(2.27) E a D At T w h = d w ^D At h, heH. 
Hence, and using Q2.26|) . we infer that if \u>\ = k, then 

Z k D Ak)t ^2 T ^ h u = Y e ^® D A,th (JJ - 

\\u)\=k ) \u\=k 

On the other hand, 



e w <g> d u Y PmDajK 
\M=fc-l / \\ui\=k j \M=fc-l 

for some £ ^A,t- The last two equations show that the closed linear span 

of the subspaces Z k D Ak j (V|o;|=ifc-i and z k D Ak j (V|w|=fc T W H\ coincides 
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with 



e 



e^^M 

=k-l 



Continuing this process, one can show that Z k is surjective, and consequently a 
unitary operator. Since M k = Vi=i D Ak jTiH, it is easy to see that 



(2.28) 



Zk-N'k 



\io\=k 

Z k M k = 1®M. 



&u <8> £>A„ 



eo, (8) M 
i<k|<fc-i 



and 



According to Theorem 12.21 fwhen C k = 0), to complete our proof by induction, 
we need to show that 

(2.29) P v ,W k P Nk D Ak +h=Y J ^®( p v>WP N )E d D Att h ) heH, 

where T>' k is identified with © e u ® T>' and T>' := Dq-i. Using relations (|2.2Hj) 

\ui\=k 

and l|2.28|) . we obtain 



P v >W k P Nk D Ak>t h = P vi W k P Nk Z* k Z k D Ak)t h 



P v >W k Px k Zl e "® E * D A,t h ® Yj e a ®P M E a D At h 



\u)\=k 



o-|<fc— 1 



P v >W k Z* k [ eu®E Q D A>t h® e a ®P M EaD At h 



\uj\=k 



i<kl<fc-i 



= p v'W k Z* k Y e 9 3 a ® E & E gj D Ait h © ^ e g . p © P M E^E 9] D Ait h 

j=l \|a]=fc-l 0<|/3|<fc-2 

Now, using relations (|2.27f) . ()2.26|) . we deduce that 



P v ,W k Z* k \ e 9j a ® EaD A ±y © ^ e gj p^P M EpD Ajt y 

. |«|=&— l 



0<|/3|<fc-2 



i2~271 



Pv'W k ZtY\ E e «« ® E g r a D A>t T jy © ]T e g .p®P M E g : p D A , t T jy 

i=l \ja|=fc-l 0<|/3|<fc-2 



1)^.(0, . . . ,0, A fc y,0, . . .) = S^P ffi ( e „®D')A fc y 

j— 1 times 

= 2 e g ^ a ®(P vl WPj\f)E & D At y. 

|a|=fc-l 
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n 

Here, we used the fact that D k = © P ffi ( e ^®V) and ^ is identified with 

j = l \u\=k 

n 

© © {e gjUJ ®V). 

j=l \uj\=k 

Now, since DA,t has dense range in T>A,t, we infer that 

P v ,W k Z* k [ Y e gj a®E & xe e gj/ 3®P M EpX 

\\a\=k-l 0<\l3\<k-2 

= Y e gj e a ®(P v >WP A f)E & x 

\a\=k-l 

for any x £ T>A,t and j = 1, 2, . . . , n. Summing up the results obtained so far, we 
deduce 

P v iW k P Mk D Ak ,th = Y P v'WkZ* k I Y ® E & {E gj D A ,th) 

j=l \\a\=k-l 

© Y e gj 0®PMEp(E g .D A;t h) 

0<|/3|<fc-2 

n 

= Y Yl e 9 ]a ®{Pv'WPx)E & (E g] D A ,th) 

j=l \a\=k— 1 

= Y e /3 ® {Pv>WP^)EpD A ,th). 

\p\=k 

Therefore, relation (|2.29|) is proved. Since ||^4fc|| < k for any k = 1, 2, . . ., we get 
||-Bc|| < i 5 arid the proof is complete. □ 

Note that if t = \\A\\, then Theorem 12.41 implies that the central intertwining 
lifting B c of A satisfies ||-B C || = ll^ll- 

The following result provides another characterization for the central inter- 
twining lifting in the noncommutative commutant lifting theorem. We employ 
the notation from Theorem 12.31 

Theorem 2.5. LetT := \T\ ■ ■ ■ T n ], Ti £ B{TL), be a row isometry and letT := 
[T[ ■ ■ ■ T^], T[ € B(7i'), be a row contraction with its minimal isometric dilation 
V ■= [VI . . . V^], V( G B(K!), on the Hilbert space K' := W © [F 2 {H n ) © £>']. 
Let A £ B(H,H ) be such that \\A\\ < t and 

ATi=T[A, i = l,...,n. 

A 

[AD A ,t 

the corresponding decomposition. Then the following statements are equivalent: 

(i) B is the central intertwining lifting of A with tolerance t > 0; 

(ii) A\M = 0; 

(iii) A a \M = for any a G F+; 



Let B be an intertwining liftig of A with tolerance t > 0, and let B 



be 
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(iv) Y a \M = for any a G F+. 

In particular, if M = {0}, then the central intertwining lifting of A with tolerance 
t > is the unique intertwining liftig B of A such that \\B\\ < t. 

Proof. Note that, using Theorem EH1 Theorem |2~I1 and relations (JTTHJ), ([2~P5|). 
and (gillj), the result follows. □ 



Let T' := [T{ ••• T/ G S(7i')> be a row contraction and let V : = 

[^i " " " ^n]' ^t' ^ be its minimal isometric dilation on the Hilbert space 

K! := W © \F 2 {H n ) <g> V']. If W := [W{ ■ ■ ■ W( G B(Q'), is an arbitrary 

isometric lifting of T on a Hilbert space C/' D W, then there exists a unique 
isometry $ : K' —> Q' such that <&V/ = W/$, for any i = 1,... ,n, and 3>|W = Iw- 
Moreover, using the geometric structure of the minimal isometric dilation (see 
38 ), one can deduce that $ is given by 

$ I h © J2 e <* ® I = ^ + I] CK' - t! • • • < - r> Q 

V «£F+ / QGF+ 

for any ft © J] e a h a in W © [-P 2 ^) ® 2?']. Indeed, we have 



$ © E e Q g> Dq-ih a j = * [ © V£(l ® Ar^a) 

V <*eF+ / V aeF+ 

a£F+ 

= E K[W{-T{ ■■■ W n -T' n \h a . 

aSF+ 

Let T := [Ti ■■■ T n ], T; G B(H), be an isometry and let A G B(H,H') be 
an operator such that ||A|| < t and ATj = T[A for any i = 1, . . . ,n. If B is 
an intertwining lifting of A with respect to V such that ||-B|| < t, then <I>i? is 
an intertwining lifting of A with respect to W . Since $ is unique, we call the 
operator B c := <&B C the central intertwining lifting of A with respect to W' and 
tolerance t. Using these remarks and Theorem 12. 4| we can easily obtain the 
following form for B c . 

Proposition 2.6. Let T := [T\ ■ ■ ■ T n ], Ti G B(fi), be an isometry and T := 
[T{ ■ ■ ■ T L\, T i S B{W), be a row contraction. Let W := [W{ ■ ■ ■ W[ G 

B(Q'), be an isometric lifting of of T , and A G B(7i,7i') be such that \\A\\ < t 
and 

ATi =T^A, i = 1, ... ,n. 

Then the central intertwining lifting B c of A with respect to W and tolerance 
t > is given by 

B C = A+Y. W' a {P'UP M )E' d D A ^ 

Q gF+ 
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where E go := Iv At , E[ := P,-UPj^, i = 1, . . . ,n, P'(resp. P[) is the orthogonal 
projection of Q' @(®^ =1 T>A,t) onto Q'(resp. the i-th component of ®'j =1 T>A,t), and 
the operator U : N — > Q' © (®" = i^A,t) is the isometry defined by 

ulf^DAjTihA := \ jr{Wl-Tl)AhA © (®? =1 D A A) ■ 



vi=l 



vi=l 



At the end of this section, we show that, under certain conditions, there is only 
one intertwining lifting B of A such that ||B|| = \\A\\. We say that an operator 
A G B(H,H f ) attains its norm if there is a vector h G H of norm one such that 

Proposition 2.7. Ze* T' := [T{ ■ ■ ■ T^\, T[ G -B(H'), &e a row contraction, and 
let A : F 2 {H n ) —> H' be a contraction which attains its norm \\A\\ = 1. // 

ASi = T^A^ % = 1, . . . , n, 

then 



(2.30) 



M:=V A e\J D A S l F 2 (H n ) = {0}. 



i=l 



In particular, if V' := [V{ • • • V£\ is the minimal isometric dilation of T' , then 
there is only one intertwining lifting B of A with respect to V' such that \\B\\ = 



Proof. First, note that A attains its norm at a vector / G F 2 (H n ) if and only if 
/ G ker D A . We need to prove that A attains its norm at / G F 2 (H n ) such that 
/ (0) ^ 0. To this end, assume that A attains its norm at a vector g G F 2 (H n ) 
such that g(0) = 0. Let g := a a e a and let k be the least positive integer 



such that there is «o £ with |cko | = k and a ao / 0. Then g can be written as 
9 = H S a if a , where ip a G F 2 (H n ). Since = 1 and \\Ag\\ = \\A\\, we have 

\a\=k 



\a\=k 



\9\\ 2 = \\Ag\f 




Therefore, we must have 

ll^al 



Setting / := we have \\Af\\ = \\A\\, 



if \a\ = k. 

= 1, and /(0) / 0. If we assume 

that there is ip G M, ip ^ 0, then {^D A Sih) = for any h G F 2 (H n ) and 
i = 1, . . . ,n. This implies -DaV 7 = a o € C, ao 7^ 0. Since / G ker we have 

0=(f,D A ^) = (f,a o ). 
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On the other hand, /(0) 7^ and ao 7^ imply (/, ao) 7^ 0, which is a contra- 
diction. Therefore, M = {0}. The uniqueness of the intertwining lifting follows 

from Theorem 12.11 and Theorem 12.21 noticing that Ck = for any k = 1,2, 

The proof is complete. □ 

It is easy to see that one can obtain a version of Proposition if \\A\\ = t > 0. 
In this case, we have to replace Da by D^t- 



2.3. A maximum principle for the noncommutative commutant lifting 
theorem. In this section, we prove a maximum principle for the noncommu- 
tative commutant lifting theorem, which also provides a new characterization 
for the central intertwining lifting (see Theorem 12.81 and Theorem 12 .9j) . This is 
a key result used in Section 12.61 to find the maximal entropy solution for the 
noncommutative commutant lifting theorem. 

Let T±,...,T n G B{TL) be isometries with orthogonal ranges and let C := 
n™ = i ker T* be the wandering subspace in the Wold type decomposition 38 j. If 
X G B(TC,TC') satisfies \\X\\ < t for some t > 0, we define the positive operator 
A(X) G B{C) by setting 

(2.31) (A(X)£,£) -MiWDx^i-nh T n h n )\\ 2 : h 1 ,...,h n eH} 

for any I € C. Following the classical case (see [231)) we can the operator A(X) 
the Schur complement of D\ t with respect to Ti, . . . , T n . Note that if ||X|| < t, 
then A(X) is indeed the Schur complement of D\ t with respect to the orthogonal 
decomposition 

H = C®[TiH® ■ ■ ■ ®T n H}. 

It is easy to see that 

(A(X)£,£) := M{{D^ t h,h) : h e H and P c h = £}. 
On the other hand, one can prove that 

(2.32) A(X) = P c D x ,tPM x Dx,t\£, 
where 

n 

M x := V x ,t e V D Xtt TiH 

i=l 

and Pc, Pm x are the orthogonal projections onto C and M.x, respectively. In- 
deed, we have 

(A(X)£,£) = inf{||D^ it (£ -T x h x T n h n )f : h u . . . , h n G Ti} 

n 

= inf{||D^ - k\\ 2 : k G \/ D x , t TiH} 

i=l 

= \\P Mx D x ,tif = ((PcD x ,tPM x Dx,t\£)£J) 

for any £ G C. Hence, we obtain relation (|2.32|) . 

We can prove now a maximum principle for the noncommutative commutant 
lifting theorem. This result also provides a new characterization for the central 
intertwining lifting. 
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Theorem 2.8. Let A G B(Ti, Ti 1 ) be an operator satisfying \\A\\ < t and ATi = 
T-A for any i = 1, . . . ,n, where T := [Ti • • • T n ], Ti G B(Ti), is an isometry 
and T' := [T{ ■ ■ ■ T^], T[ G B{Ti'), is a row contraction. Let V' be the minimal 
isometric dilation of T and let B c be the central intertwining lifting of A with 
respect to V' . Then 



(2.33) 



A{A) = A(B C ) > A(B) 



for any intertwining lifting B of A with tolerance t. Moreover, A(B C ) = A(B) if 
and only if B c = B. 

Proof. According to Theorem 12.21 for each k = 0, 1, . . ., there exists a unitary 



operator f2 fc : T>A k+1 ,t -> ( ®^D Ak ,t ) V Ck such that 



Pi,kW k P Mk ^^U./V/^j = D Ak>t hi, i = 1, 
Hence, and using relation ()2.16|) . we have 



, n. 



n k D Ak+ut ^J^Tjhjj = D Aa hi e D Aktt h 2 e • • • e D Aktt h n . 

Therefore, we have VL k N k +i = ® r j={D Ak ,t®{ti} and Q. k M k+ i = {ti}@V Ck . Using 
again Theorem 12.21 we infer that 

\\ttkPM k+1 D Ak+1 , t x\\ = \\D Ck P Mk DA k ,tx\\ 
for any x G Ti. This implies 

(2.34) \\P Mk D Ak)t x\\ > \\D Ck P Mk DA k) tx\\ = \\ P M k+i D Ah+1 ,tx\\, x G Ti. 

Moreover, the equality holds for any x G Ti if and only if C k = for any k = 
0, 1, . . .. Hence, we deduce that 

(2.35) \\P M D A , t x\\ > \\P Ml D Al , t x\\ > ■ ■ ■> \\P Mk D Ak:t x\\. 
Now, let x G Ti and note that 

(2.36) \\D Ak , t x\\ 2 = t 2 \\x\\ 2 - \\A k x\\ 2 = \\D Bjt x\\ 2 + - P k )Bx\\ 2 . 
Hence, HD^^xH 2 > HZ^b^xH 2 , which implies 



D Aktt h-D Akit ^Tjhj 

for any hi, . . . , h n G Ti. Taking the infimum over hi, . . . , h n G Ti, we obtain 
(2.37) \\P MB D B ,th\\ < \\P Mk D Aki th\\, heH. 

Combining (|2,35|) with (j2.37j) . we infer that 

\\P MB D B ,th\\ < \\P M DA,th\\, heTi, 









P MB D B ,th\\ < 


D Bjt h-D Btt (^Tjh^j 


< 
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and WPjvtgDBjhW = H-Pm-Da^H for any h G H if and only if Cfc = for any 
k = 0, 1, . . ., which means that B = B c , the central intertwining lifting of A with 
tolerance t. Taking into account relation (|2.32|) and the fact that 



PM k DA k ,tV = Pm b P>b0 = 
for any y € V?=i -^'^j we complete the proof of the theorem. 



□ 



Let us remark that if {A^W^Lq is the sequence of fc-step intertwining liftings of 
A corresponding to B, then 



(2.38) 



A(B) = SOT - lim A(A k ). 



k—foo 



Indeed, according to the proof of Theorem l2.81 the sequence {D Aktt PM k P ) A k ,t} 
of positive operators is a decreasing. Therefore, 

Q := SOT - lim D Aktt P Mk D Aktt 

k^oo 

exists. Using relation (|2.37jl . we infer that 
(2.39) D B , t P MB D Btt <Q< D Akit P Mk D Akit 

for any k = 0, 1, . . .. On the other hand, using relation ()2.36|) . we obtain 



oo 
k=0 



(Qx,x) < \\P Mk D Ak)t x\\ 2 < 



DA k ,t%-J2 DA k>t T i h 3 



D B ,t [ x-J2 T 3 h i 

3=1 



+ 



(I-P k )B [ x-J2 T jhj 



for any k = 0, 1, . . ., and hi, . . . , h n € H. Since P k — > I strongly, as k — > oo, we 
obtain 

2 



(Qx,x) < 



D B ,t ^x-^Tjhj 

Taking the infimum over h\, . . . ,h n E Tt we get (J < P> B<t Pj^[ B D Bt , which to- 
gether with relation (|2.39|) imply Q = D B jP_\4 g D B f. Now, it is clear that relation 
(I2~3%|) holds. 

Does Theorem 12.81 remain true if V' is an arbitrary isometric lifting of T ? 
The answer is given in what follows. 

Theorem 2.9. Let T := [T\ ■ ■ ■ T n ], Ti £ B{TL), be a row isometry and 
T := [T{ ■■■ T„], T(e B(H'), be a row contraction. Let W := [W{ ■■■ 
V( G B{Q'), be an isometric lifting of T , and let A G B{TL,TL') be such that 
\\A\\ < t and 

ATi = T(A, i = l,...,n. 
If B is an intertwining lifting of A with respect to W" and tolerance t > 0, then 



(2.40) 



A(B) < A(B r 



A(A), 
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where B c is the central intertwining lifting of A with tolerance t > 0. Moreover, 
A(B) = A(A) if and only if T\M = 0, where T : V Ajt -> Q' Q W is the unique 

r ^4 

contraction in the matrix decomposition B = „ 

Proof. Since B is an intertwining lifting of A with tolerance t > 0, we have the 

1 

, where T : 2?4,t — > Q' 7i' is a contraction. 



matrix representation B 



Since H-D^/il 
such that 



\\DrD Att h 



TD Attj 

, h £ 7i, there is a unitary operator C/r : T>B,t 



(2.41) C/r^.i = D T D A>t . 

Note that, for any £ £ £ := HILi kerT*, we have 



(A(B)£,£) = M{\\D Btt (£-T 1 h 1 

= M{\\D r D Ajt (£-T 1 h 1 -- 

KMlWDA^i-Txh! 

= {A(A)£,£). 

Therefore, we obtain 

(2.42) A(B) < A(A). 



■ - T n h, 



TL Tl j 

2 



hi en} 

I 2 : ^ en} 

hi en} 



On the other hand, since D 



B c ,t 



DB c t, Theorem 12.81 implies 



Let B 



A(B C ) = A(B C ) = A(A). 

A 1 

„ „ be an intertwining lifting of A with tolerance t > 0, and 
} L> A,tj 

assume that T\M. = 0. Then D^\M = I M , which implies Dr\Ai = Im anci M 
is a reducing subspace for D?. Hence, and taking into account that 

n 

Af = \J D A)t T{n, D v Ne\N, and D T \M = I M , 

i=i 



we obtain 



(A(B)£, £) = inf { \\D r D At (£ - T x h x - ■ ■ 

= inf {\\D r D Att £-D r k\\ : k e N} 
> inf {\\D r D At £ - x\\ : x e M} 



T n h n ) 



: hi en} 



\P M D T D A , 



\\D r P M D A , t 



= \\P M D At £f = {A(A)£,£). 

Therefore, A(B) > A(A), which together with relation (|2.42|) imply A(B) 
A(A). 

A 



Now, let B = r 

t J^A,t 

and assume that A (B 



be an intertwining lifting of A with tolerance t > 0, 
A(A). Since M = V"=i D Ajt TiH and V Ait = M ® M, 
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we have 

(A(B)£, £) = inf { \\D r D Ajt (£ — T\h\ T n h n )\\ 2 : heH} 

= \\D r P M D At £\\ 2 
< \\P m DaA\ 2 = (&{A)£,£) 
for any i G C. Since A(B) = A(A), we infer that 

\\D r P M D At £\\ = \\P M D At £\\, £ G C. 
Hence, we get T\A4 = 0. The proof is complete. □ 



2.4. A permanence principle for the central intertwining lifting. In this 
section, we present a permanence principle for the central intertwining lifting. 
This generalizes the permanence principle for the Caratheodory interpolation 
problem in 19: (case n = 1 ) to our multivariable setting. Applications of this 
principle will be considered in the next sections. 

Let [T[ ••• TL], T[ G B(Ti'), be a row contraction and let [V[ ■■■ V£\, 
V( G -B(ZC'), be its minimal isometric dilation. Let [Ti ••• T n ], G B(Ti), 
be a row isometry and let M! C /C' be an invariant subspace under each V-*, 
i = 1, . . . ,n, such that Ti' C M' . Let A G B(TC,TC') be such that ||A|| < t and 
^4Tj = T[A for any i = 1, . . . ,n. An operator Y : — » is called partial 
intertwining lifting of yl if 

(2.43) PM/y = A and FTj = {Pm'VI\M.')Y, i = l,...,n. 

For example, a k-step intertwining lifting A^ is a partial intertwining lifting of 

A. 

Theorem 2.10. Let [Ti • • • T n ], Ti G 5(H), be a row isometry and let [T{ ■■■ T' n ], 
T[ G B(Ti'), be a row contraction with minimal isometric dilation V' . If A : Ti — > 
W is suc/i ||A|| < t and 

ATi=T[A, i = l,...,n, 

and Y : Ti — » .M' is a contractive partial intertwining lifting of A, then 

(2.44) A(A) > A(Y). 

T7ie equality holds if and only ifY = Pj^iB c , where B c is the central intertwining 
lifting of A with respect to V' and tolerance t. Moreover, the central intertwining 
lifting of P^B C is precisely the central intertwining lifting of A. 

Proof. First note that [V[ ■ ■ ■ is also the minimal isometric dilation of the 
row contraction [P_miV-[\M' ■■■ Pj^iV^M'}. This follows from the fact that 
Ti' C M' , V-*A4' C M' for any i = l,...,n, and the minimality condition 
K,' = V/aeF+ ^a^'- ^ n * ne °t ner hand, any intertwining lifting Y of Y is also an 
intertwining lifting of A. Indeed, we have V[Y = YT{, i = 1, . . . , n, and 



P n >Y = P W P M >Y = P H 'Y = A. 
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Now, let Y c be the central intertwining of Y. Applying Theorem 12.81 we get 
A(Y) = A(Y C ). Since Y c is an intertwining lifting of A, we can use again Theorem 
El to obtain 

A(A) > A(Y C ). 

Therefore, we infer relation Q2.44|) . According to Theorem 12.81 the equality 
A(^4) = A(l^) holds if and only if Y c = B c , where B c is the central intertwining 
of A. Hence, Y = P M >Y C = P M >B C . 

To prove the second part of the theorem, let Y = Pj\4'B c . Since M' is an 
invariant subspace under each V*, i = 1, . . . , n, we have 

{P M 'Vl\M')Y = P M ,V[P MI B C = P M >V{B C 
= Pm'BcTi = YTi, 

for any i = 1, . . . , n. Hence, Y is a partial intertwining lifting of A. Applying the 
first part of the theorem to the partial intertwining lifting Y, we have 

(2.45) A(A) > A(Y) = A(Y C ), 

where Y c is the central intertwining lifting of Y. Since B c is an intertwining lifting 
of Y, Theorem 12.81 implies 

(2.46) A(Y C ) > A(B C ) = A(A). 

Combining relation ((2~15|) with (|2~1B|) . we get A(Y" C ) = A(B C ). Since Y c and B c 
are intertwining liftings of A, the uniqueness part of Theorem 12. 81 implies Y c = B c . 
The proof is complete. □ 



2.5. Quasi outer spectral factorizations. In this section, we obtain explicit 
formulas for the quasi outer spectral factor of the defect operator t 2 I — B*B C 
of the central intertwining lifting B c (see Theorem I2.14|) . This leads, in the 
next section, to concrete formulas for the entropy of B c as well as to a maximum 
principle and a characterization of the central intertwining lifting B c with respect 
to non-minimal isometric liftings. 

Let T := [Ti ••• T n ], Ti £ B(TC), be a row isometry, T := [T{ ■■■ T^], 
T 1 , £ B{7{'), be a row contraction, and let A : Ti, — > TC' be such that ||^4|| < t and 

AT i = T' i A, i = l,...,n. 

Define the operator X A G B{®^ =1 H,H) by 

(2-47) X A := DXATx ■ ■ ■ T n \ [T* D\jTj] nxn , 

and let X A = [X A ■ ■ ■ X A ] be its matrix representation with X A G B(7i), i = 
1, . . . ,n. As is [SSI, one can P rove that if ||A|| < t, then the central intertwining 
lifting of A satisfies the equation 

(2.48) B c h = Ah e CT ® D T ,{®^ =l A){X A )*h 

for any h £ TC. 

Lemma 2.11. If \\A\\ < t, then the following statements hold: 
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(i) M. := T>A,t A/ = D At C, where C := P|" =1 ker T^* and M is defined by 
(t2~T3|) {when k = 0); 

(ii) BjrfyL = AD A 2 t £ for any £ G £; 

(iii) Ei = D 'A,t{Xf)* D A \, where E{ := PiWPj^ for any i = 1, . . . , re, and the 
operator W is defined by (|2.14|) (when k = 0). 

Proof. To prove (i), note that h G M if and only if h _L V2=i ^A,tT{H, which is 
equivalent to D A ^h G P)iLikerT?\ Hence, /i G -D^*£. The statement (ii) follows 
from relation Q2.48JI and the fact that, for any I G HiLi ker T^*, 



(X A )*Dj*£ = [TjD At Ti] 



J. .... 



D% t (D A l£) = 0. 



The proof of the similarity relation (iii) is exactly the same as that from |55j for 
the case t = 1. We shall omit it. □ 

We mention that part (i) can be used together with Theorem l2.4l to give another 
proof for part (ii) of Lemma 12.111 We recall that T := [Ti • • • T n ], Ti G B(TL), 
is a Co-row contraction if 

Km ]T HOH 2 = 

\a\=k 

for any h £ 7i. If T = [S\ <g> Im "' S n Im] f° r some Hilbert space M, then T 
is called orthogonal shift of multiplicity dim.M. 

Lemma 2.12. Let T := [T% ■ ■ ■ T n ], Ti G B(7i), be a row isometry, T := 
\T[ ■ ■ ■ T' n ], T[ G B(H'), be a row contraction, and let A : H — > H' be such that 
\\A\\ < t and 

ATi = T-A, i = l,...,n. 
Then there exists a unique positive operator Q G B(T>A,t) such that 

(2.49) \\QD A ,th\\ 2 = lim Y \\EaD A ,th\\ 2 ' heH. 

\a\=k 

Moreover, ifT is an orthogonal shift and ||^4|| < t, then Q = and [X± ■ ■ ■ X^] 
is a Co-row contraction. 

Proof. Note that if Ei := PiWPtf, i = l,...,re, then [E* ■■■ E*] is a row 
contraction from 0™ =1 2?4,t to T> A ,t- Since {^|a|=fc -^o-^olfc^i * s a decreasing 
sequence of contractions, we can define the operator 

Q := ( SOT - Km ^ E* a E Q 

\ \ a \=k 

Hence, relation Q2.49J1 holds. Now, assume that T is an orthogonal shift and 
||^4|| < 1. Since, for any i = 1, . . . , re, 

(2.50) P 3 WP M D A .{Tih = 8 i3 D At h, heH, 



52 



GELU POPESCU 



we deduce 

(2.51) E^D Att T a h = 5^D At h, 

for any a, uj G Fi-. According to Lemma 3.3. from |55| . the closed linear span 
Vo-gf+ DajTctD^C is equal to where £ := DiLi kerT*. Taking into account 
that V Ajt = M M and M = Dj\C, we have 

n n 

E \\EjE a D A +T a D- A lt\? = E ll^^ll 2 = 0. 

This shows that [E^ ■ ■ ■ E*] is a Co-row contraction. Using Lemma 12.111 part 
(iii), we conclude that X A is a a Co-row contraction. □ 



Lemma 2.13. Let ^Vq := range Q and define the operators Vi G B{yq), i = 
1, . . . ,n, by setting 

(2.52) ViQD Ait h := QD A , t Tih, heH. 

Then V\, . . . ,V n are isometries with orthogonal ranges and 

ViV 1 * + --- + V n V:=Iy Q . 

Proof. Using Lemma 12 . 1 21 and relation (|2,51|) . we have 

n 

\\QD A , t Tih\\ 2 = lim V V WEaEjD^Tihf 

k^oo * — * * — * 

j=l |o|=fc-l 

= lim V \\E a D At h\\ 2 = \\QD At h\\ 2 

k— >oo £ — * 

|a|=fc-l 

for any h G 7i and i = 1, . . . , n. Similar computations show that 

(QD A t Tih, QD A t Tjh) = SOT - lim / V E*E a D At Tih, D At Tjh\ = 

fc^oo \ * — * / 
\|a|=fc / 

for any i ^ j. Therefore, {V^}" =1 are isometries with orthogonal ranges. On the 
other hand, since Q > 0, M = VILi E) A ,tTiH, and the range of Q is included in 
TV, we infer that 



V QD u TiH = QV Ait . 



i=l 



Now, it is clear that VILi QDA,tTiH is dense in 3^Q and 

ViV 1 * + --- + V n V:=Iy Q . 

□ 

In the next theorem, we prove that the defect operator t 2 I — B*B C admits a 
quasi outer spectral factor, i.e., t 2 I — B*B C = Z*Z for some operator Z with 
dense range. 
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Theorem 2.14. Let T := [T x ■■■ T n ], T G B(H), be a row isometry, T : = 
[T{ ■ ■ ■ T' n ], T[ € B{TL'), be a row contraction, and let A : Ti — > Ti! be such that 
\\A\\ < t and 

ATi = ^ A, i = 1, . . . , n. 
Let Z :H^y Q ® [F 2 (H n ) ® M] be defined by 

Zh := QD At h 9 ^e ff P M E a D At h, 



where B c is the central intertwining lifting of A with respect to the minimal iso- 
metric dilation of T and tolerance t. Moreover, for any i = we have 



where M. := V Ait © A/". Then the operator Z has dense range and 



t 2 L - B*B C = Z*Z, 



(2.53) 



ZT i = 



Vi 
Si®L M 



Z, i = 1, . . . , n 



where the isometries Vi € B(yg) are defined by relation Q2.52JI . 



Proof. As in the proof of Theorem 12.41 for any h € 7i, we have 



D Bcit h\\ 2 = \\D At h\\ 2 - \\PtfD A>t h 



+ lim V WE^Da^W 2 - V \\P N E 9 D A , t h 





P m DaM\ 2 + lim J2 \\EaD A ,th\\ 2 + V \\P M E a D At h 




Hence, and using Lemma \2. 121 we get 



D Bc ,th\\ 2 = \\QD A ,th\\ 2 + Yl \\PMEaD At h\\ 2 



= \\Zh\\ 2 



for any h G H. Therefore, we have t 2 I — B*B C = Z*Z. 
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Now, we prove the equality IJ2.5H|) . Using Lemma \2.l'A\ and relation (j2.51j) , we 
obtain 

Wi o 



Si®I M 



Zh = ViQD A:t h © Yj e 9^ ® PMEaD A ,th 



(TGF+ 



QD A)t Tih® e 9ia ® PMEaEiD Att Tih 



QD Ayt Tih © e W ® P M EaE 3 D A: tTih 

o-GF+ i =1 

QD At Tih(B e u ® P M E Q D At Tih 



ZTjh 



for any h E 7i and i = 1, . . . , n. 

It remains to show that Z has dense range. Note that 3^q Q A/" and let / © ip 
be in © [-^ 2 (-^n) ® A4] such that / © cp _L Consider the representation 

<p = e a ®h a , h a E .M . 

Using the definition of Z, we have 

= (/ © <p, Zh) = (/, QD At h) + Y {h a ,P M EaDA,th) 

= (D A>t Qf,h) + Y (E>A,tE* & h a ,h) , 

«6F+ 

for any h £ TC. Therefore, 

D A , t Qf+J2 E & h <* = °- 

a€Ft 

Since D A ,t is a one-to-one operator on T> A ,t = M © M. and the range of Q is 
included in TV, it follows that 

hgo +QI+Y, E *& h <* = °" 
|a|>l 

Since h go E .M and the other summands are in TV, we get h go = and 

(2.54) Qf+Yl E & h * = °' 

|o|>l 

Now, note that, for any x E T> A j, we have 

n n 

(2.55) V \\Q(PiWPx)x\\ 2 = lim V V \\E a E iX \\ 2 = \\Qxf. 

z — * fc^oo z — * z — * 

i=l |o-|=fc «=1 

Define the operators W% E _B(3^q), i = 1, . . . , n, by setting 

(2.56) WiQ/i := QEih, heH. 
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According to relation (|2.55j) . we have 

(2.57) W * Wl + -- + W*W n = Iy Q . 

Using relations (|2~55)) and (J237J), we obtain QW*Wi = E*QEi, for any i = 
1, . . . , n, and Q = J27=i E?QWi, which together with relation (|2.54|) imply 

n 

Y J E*QW l f+ Kha = 0. 

i=l \a\>l 

This equality can be written as 

(2-58) E * ( Q W *f + h 9i + E | = 0- 

i=l \ \a\>2 J 

Note that the subspace 

{Eik ®E 2 k®---® E n k : k £ D^} 
is dense in ©f =1 £>A,t- Indeed, this is due to the equations 

EiDA,tTjh = 5ijDA,th, i,j = l,...,n. 
Therefore, the operator [E* ■ ■ ■ E*] is injective and relation ([2.58ft implies 

QWif + h gi +J2 E *a h 9i<r = 0, i = l,...,n. 

\a\>2 

Since h gi £ M and the other summands are in Af, we obtain h 9i = 0, for any 
i = 1, . . . ,n. Continuing this process, one can prove that h a = for any a £ F+. 
Therefore, relation (|2.54f) implies Qf = 0. Since / is in the range of Q, we get 
/ = 0. The proof is complete. □ 

Corollary 2.15. Let T := [Ti ■■■ T n ], Tj £ B(TC), be a row isometry and 
C := P|" =1 ker7^*. Let T' ■= [T{ ■ ■ ■ T^\, T[ £ B(7i'), be a row contraction, and 
let A : Ti —* Ti' be such that \\A\\ < t and 



ATi = T[A, i = 1, . . . , n. 
Let Z c :H^y Q ® [F 2 (H n ) ® C] be defined by 

Z c h := QD A jh ®^e,« N A P £ {X*)*h, 



where N A := (PgD^AC)^' 2 and X A is defined by relation (|2.47|) . Then Zc has 
dense range and 

t 2 I - B*B C = Z* C Z C , 

where B c is the central intertwining lifting of A with tolerance t. Moreover, for 
any i = 1, . . . , n, we have 

Vi 



(2.59) Z c Ti 



Zc, i = l,...,n, 



Si®L c _ 

where the isometries Vi £ B(yg) are defined by relation (|2.52[) . 
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Proof. According to Lemma 12.111 we have M. = T>A,t A/" = D^\£, where 
C = f|" =1 ker^*. Note that the operator X G B(C,H) defined by X := D A \\C 
is injective and has range equal to M.. Hence, one can easily see that 

(2.60) P M = X(X*X)- 1 X* = (D^iPcD^Cy'PcD^. 

Using again part (iii) of Lemma 12.111 and relation (|2.60|) , we obtain 
^ e ff P M E a D At h = e CT P M D A A x *)* h 

= ^ e a ®nN A P c (X?)*h 



a 



= (I F2(Hn) ® fi) \J2 ® N A P c (X?)*h , 

\ae¥+ J 

where 

n := (D^ t \C)(P C D^ t \C)- 1 / 2 and N A := (P c D^ t \C)- 1 / 2 . 

Note that f2 is a unitary operator from C onto M. Using Theorem I2.14( we 
deduce 



Z 



. I F 2(H n ) ® n 



3c, 



which completes the proof. □ 



Corollary 2.16. Zef [T[ ••• T^], T/ G B(H'), be a row contraction, let A : 
F 2 (H n ) (g>£ ^H' be such that \\A\\ < t and 

A(Si®I s )=T!A, i = l,...,n. 

If B c is the central intertwining lifting of A with \\B C \\ <t, then the multi-Toeplitz 
operator t 2 I — B*B C admits an outer spectral factorization 

t 2 I-B*B c = M;M v , 

where M v £ R^®B{£) is an outer multi- analytic operator operator with the 
symbol if given by 

(2.61) <p(h) := e - ® HA) 1/2 Pe(X?)*h, he£, 

where A(A) = P £ (t 2 I - A*A)~ 1 \£. 

Proof. Using Lemma 12 . 1 21 when Tj = Si ® Is, i = 1, . . . , n, we get Q = 0. in this 
particular case, Corollary 12.151 implies 

Z,g(Sj <S> If) = (iSj <g> Is)Z E , i = l,...,n. 

Hence, Zg = M v for some M v G R^®B(£). Since has dense range in 
F 2 (H n ) <g>£, the operator M^, is outer. Using again Corollary 12. 151 one can easily 
complete the proof. □ 
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We remark that the multi-analytic operator in Corollary 12. 161 satisfies the 
equation 

M v = (I F 2 (Hn) A(A)V 2 P e )(/ - R t ® (A^)* <g> (X^)*)- 1 . 

Using relation l|2.61[) . we can deduce this formula as in the proof of Remark to.lOl 

2.6. Noncommutative commutant lifting theorem and the maximal en- 
tropy solution. In this section, we prove that the central intertwining lifting is 
the maximal entropy solution for the noncommutative commutant lifting theorem 
when T := [Si <8> Is • • • S n ® Is] with dim 5 < oo (see Theorem 12.17(1 . Based on 
several results of this paper, we are led to concrete formulas for the entropy of 
B c (see Theorem 12. 18[) and, under a certain condition of stability, to a maximum 
principle and a characterization (in terms of entropy) of the central intertwining 
lifting B c with respect to non-minimal isometric liftings (see Theorem I2.2UI and 
Corollary E2J. 

Let [T{ ■■■ TL], T[ £ B(7i'), be a row contraction and let [V{ •■■ VL], 
V( € B(JC'), be its minimal isometric dilation. Let A : F 2 (H n ) <g> £ — » TL' be 
such that < t and 

A(Si®I e )=T(A, i = l,...,n, 

and let B : F 2 (H n ) ® <S — > /C' be an intertwining lifting of A satisfying ||_B|| < t. 
Then B is a generalized multiplier and it makes sense to define its prediction 
entropy as in Section 01 i.e., E(B) := e(D| t ), where D 2 B t = t 2 I - B*B. 

In what follows, we show that the central intertwining lifting of A with toler- 
ance t > is the maximal entropy intertwining lifting of A. More precisely, we 
can prove the following result. 

Theorem 2.17. Let [T{ ■ ■ ■ TL}, T[ € B(TC'), be a row contraction with minimal 
isometric dilation V' , and let A : F 2 (H n ) <S> £ — > TL' be such that \\A\\ < t and 

A{Si®Is)=T[A, i = l,...,n. 

If dim £ < oo and B c is the central intertwining lifting of A with respect to V' 
and tolerance t > 0, then 

E(B C ) > E(B), 

for any intertwining lifting B of A. Moreover, if the entropy E(B C ) > — oo, then 

E{B C ) = E(B) 

if and only if B c = B. 

Proof. Let B : F 2 (H n )(g>£ — > JC' be an intertwining lifting of A satisfying < t. 
Using relations (051) . lfl~2l . (fTTT^l . and (l2~32l in our setting, we deduce 

E(B) = e(Dl t ) = lndetA D%t 

= lndet[PsD Bit P M D Bit \£) 

= lndet A(B), 
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where 

n 

M := D B ,t{F 2 (H n ) ® £ ) e V D B , t (Si O I £ )(F 2 (H n ) ® £ ). 

i=i 

Similarly, we obtain E(B C ) = lndet A(B C ), where -B c is the central intertwining 
lifting of A. According to Theorem 12.81 we have A(B C ) > A(i?). Therefore, we 
get 

E(B C ) = lndet A(B C ) > lndet A(£) = E{B). 

Now, assume that E(B C ) > — oo and E(B C ) = E(B). This implies 

det A(B C ) = detA(B) / 0. 

Since A(B C ) and A(B) are strictly positive operators with A(B C ) > A(B), we 
infer that det A(B C ) = det A(J3) if and only if A(B C ) = A(B). Using the unique- 
ness part of Theorem 12,81 we get B = B c , which completes the proof. □ 

Theorem 2.18. Let \T[ ■ ■ ■ T^], T[ € B(7i'), be a row contraction with minimal 
isometric dilation V' and let A : F 2 (H n ) <g> £ — ► TL' be such that \\A\\ < t and 

A{S i ®h)=T' i A, i = l,...,n. 

If B c is the central intertwining lifting of A with respect to V and tolerance t, then 
the multi-Toeplitz operator t 2 1 — B*B C admits a square outer spectral factorization 

t 2 i -b* c b c = m;m v , 

where M v £ R^®B(£) is an outer operator given by 

M v := [I®{P e ^) 1/2 ]M^ x , 

and the symbol ip of the multi- analytic operator is given by ip := (t 2 I — 
A*A)~ l \£. 

Moreover, if dim £ < oo, then 

(2.62) E(B C ) = - \ndet[P £ (t 2 I - A* A)- l \£\. 

Proof. Using the proof of Corollary 12.151 and Corollary 12.161 we deduce that 

(i®n*)z = z £ = m v , 

and Mtp is the outer spectral factor of t 2 I — B*B C defined by (|2.61|) . Recall that 
V A tt oN = M = D A ^ t £ and 

n := (D^ t \£)(PeD^ t \£)-^ 2 

is a unitary operator from £ onto M. Hence, we have Pj\fD At \TC = and 

M^D~ 2 t h = {1® n*)ZD A 2 t h = WP M D' A ] t h 

' = WD A ] t h = {P £ D A 2 t \£) l ' 2 h = 1 <8> (P £ ^) 1/2 h 

for any h € £. Applying Theorem 11.51 to the strictly positive multi-Toeplitz 
operator T := t 2 I—A*A, we infer that is an invertible multi-analytic operator. 
Now, note that 

M v M^{e a ® h) = (S a ® I E )M v D A 2 t = e Q <g> (P £ ip) 1/2 h 
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for any h G £ and a G F+. Hence, 

M v = [I FHHn) ^{P s mf/ 2 }M-\ 
To complete the proof, note that relation (|2.61l) implies 

(2.64) ¥>(0)V(0) = A(A) = P £ (t 2 I - A*A)- 1 \£. 
Since is outer, Theorem 11.121 implies 

(2.65) E(B C ) = e{M*M v ) = lndet[<^(0)V(0)]. 

Combining relations ()2.64|) and (|2.65|) . we get ()2.62|) . The proof is complete. □ 

If B be an arbitrary intertwining lifting of A with \\B\\ < t, we can obtain a 
result similar to that of Theorem 12.181 by applying Theorem 11.11 and Corollary 
11.21 to the multi-Toeplitz operator T := t 2 I — B*B. 

Corollary 2.19. Let \T[ ■ ■ ■ T^\, T- G B(TC'), be a row contraction with minimal 
isometric dilation V' and let A : F 2 (H n ) (g) £ — > W be such that \\A\\ < t and 

A(Si®I e )=T!A, i = l,...,n. 

If B is an intertwining lifting of A with respect to V and tolerance t, then the 
multi-Toeplitz operator t 2 I — B*B admits a square outer spectral factorization 

t 2 I - B*B = M*M X , 

where M x G R^®B{£) is an outer operator given by 

M x := [I ® {P e g) l l 2 ]M g \ 

and the symbol g of the multi- analytic operator M g is given by g := (t 2 I — 
B*B)- 1 \£. 

Moreover, if dim £ < oo, then 

E{B) = -lndet[P £ (t 2 I - B*By 1 \£\. 

In what follows, we show that, under a certain condition of stability, there is 
a maximal principle for the noncommutative commutant lifting theorem and a 
characterization of the central intertwining lifting B c of A with respect to non- 
minimal isometric liftings. The results will be very useful in the next sections. 

Theorem 2.20. Let T := \T\ ■■■ T n ], Ti G B(7i), be a row isometry and 
T :=[T{ ••• 2£], T[ G B(H'), be a row contraction. Let W := [W{ ■■■ W^], 
V( £ B{Q'), be an isometric lifting of T , and let A G B{TL,TL') be such that 
\\A\\ < t and 

ATi = T^A, i = 1, . . . , n. 
If B is an intertwining lifting of A with respect to W' and tolerance t > 0, then 

(2.66) A{B) < A(B C ) = A(A), 

where B c is the central intertwining lifting of A with tolerance t > 0. Assume 
that [El ■■■ E*] is a Co-row contraction, where Ej := PiWPj\f G B{T>A,t), for 
any i = 1, . . . , n. Then A(B) = A(^4) if and only if B = B c . 

In particular, if\\A\\ < t and [7\ • • • T n ] is unitarily equivalent to an orthogonal 
shift [Si (g> I ■■■ S n <g> I], then A(B) = A(A) if and only if B = B c . 
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Proof. The inequality (|2.66j) was proved in Theorem 12.91 Assume now that 
[E* ■ ■ ■ is a Co-row contraction and A(£?) = A(A). Recall that the op- 
erator W[ admits a reducing decomposition W[ = V- © i = l,...,re, of 
Q' = KJ @ £' such that V' := [V[ ■ ■ ■ V£\ is the minimal isometric dilation of T 
on K,', which can be identified with H' © [F 2 {H n ) <g> V']. Since P W B = A, the 
operator B has the matrix representation 



(2.67) B 
where the operator 



A 

AD A , t 
XD A * 



: H ^ H' ® [F 2 (H n ) ®V] ® £' , 



:V A>t ^[F 2 (H n )®V'}®£' 



is a contraction. According to Theorem 12.91 the equation A(B) = A(A) implies 
\A4 = 0, i.e., A\M = and X\M = 0. According to RemarkESl we deduce 



X 
that B, 



A 
AD A > 



is the central intertwining lifting of A with respect to V' 



and tolerance t. Since 



is a contraction, there exists another contraction 



G : T>a — » £' such that X = GD\. On the other hand, since A\A4 = 0, we have 
D\\A4 = Im- From A|.M = 0, we deduce G\M = 0. The matrix representation 
1)2. 67|) becomes 



(2.68) 



B 



A 
AD A>t 
GD\D At 



where A and G are contraction such that A\A4 = and G\A4 = 0. Since V/B c 
B c Ti for any i = 1, . . . , n, we have 

2 / „ \ 



D Bc) t E Tihi 



E T*D 2 3c jT i hi,hj 



\i,j=l 



E ( 6 ij D B c ,t h ii h j) = E W D Bc,t h i 



i=l 



Hence, we deduce that there are some unique isometries G B(T>B c ,t), 
1, . . . , n, such that 



(2.69) 
and 



1=1 



1. 



,n, 



i=l 



This proves that V±, . . . ,V n are isometries with orthogonal ranges. Since ■ ■ ■ E*] 
is a Co-row contraction, we have Q = in Lemma l2.121 Therefore, Theorem 12 .141 
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implies 

(2.70) t 2 I-B*B c = Z*Z and ZTi = (Si ® I M )Z 

for any i = 1, . . . , n, where Z : TL — > F 2 (H n )®A4 has dense range and is defined as 
in Theorem 12 .141 According to the factorization (|2.70j) . there exists an isometric 
operator U : V Bc ,t — * F 2 (H n ) <g> M such that 

(2.71) UD Bo ,t = Z. 

Since Z has dense range, we infer that U is a unitary operator. Using relations 
(I2~fi31) . (I2~7nj) . and (t2~7Tl) . we obtain 

UViD Bc>t = UD Ba Ti = ZT % 

= (Si <g> /m)Z = (Si ® I M )UD Bc>t . 

Therefore, 

= (Si ®Im)U, i = l,...,n. 
\ A ] 

On the other hand, since l? c = and A is a contraction, there is a unitary 

operator U A : 2?B Ci t — * T> A such that 

(2.72) U A D Bc7t = D A D A>t . 
Now, define the isometries W» G B(T> A ) by setting 

(2.73) V^:=C/aK[/X, i = l J ...,n. 
Note that relations (t2~72l . (l2~73l . and (t2~Ml) imply 



(2.74) WiD A D At = D A D At T h i = 1, . . . , n. 

Indeed, we have 

U A ViU* A D A D Att = U A ViD Bc>t = U A D Bc!t Ti = D A D Ayt T % 

for any i = 1, . . . ,n. Now, we prove that the subspace M := T> A ^ t GV/ILi D A ^TiH 
is equal to HILi ^ er ^7- According to the Wold type decomposition for sequences 
of isometries with orthogonal ranges (see [SHI) an< ^ using (|2.73|) . we have 

n 

P| ker W* = V A [TUiPa • • • Wi£>a] 

4 = 1 

= V A Q [®? =1 D A D At TiH] 

= v A e d a M. 

Since k\M. = 0, we have D A \Ai = Im an d A4 is a reducing subspace for D A . 
Hence, we deduce that 

v A = d^m e Ua77 = M® TJIN. 

The previous computations show that P)i=i ker ^"7 = -M- Now, since W[B = BTi 
and W[ = V! © J7' for any z = 1, . . . ,n, we can take into account the matrix 
representation (|2.68f) and relation ()2.74|) to deduce 

UlGD A D Ajt = GD A D At Ti = GWiD A D At 
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for any i = 1, . . . , n. Hence, we get U[G = GWi, i = 1, . . . , n. Using the fact 
that G\M = 0, we obtain 

GW a h = U' a h = 

for any a G F+ and h G M. Since V a gF+ W a -M = T>\ and G : 2? a — » £', we 
get G = 0. Therefore, B = ^ = B c is the central intertwining lifting of A. 

To prove that last part of the theorem, note that if \\A\\ < t and [T± ■ ■ ■ T n ] is 
an orthogonal shift, then according to Lemma 12,121 the operator [E* ■ ■ ■ E*] is 
a Co-row contraction. Therefore, we can apply the first part of the theorem to 
complete the proof. □ 

The following result is now a consequence of the previous theorem. Since the 
proof is similar to that of Theorem 12 .171 we shall omit it. 

Proposition 2.21. Let T := [T[ ■■■ T^], T[ € B{H'), be a row contraction, 
W' : = [W{ ■■■ Wn] be an isometric lifting ofT, and let A G B(F 2 (H n ) ® £, H) 
be such that \\A\\ < t and 

A(Si (g> Is) = T(A, i = l,...,n. 

If B is an intertwining lifting of A with respect to W' and tolerance t > 0, then 

(2.75) E(A) = E(B C ) > E(B), 

where B c is the central intertwining lifting of A with tolerance t > 0. Assume 
that [E^ ■ ■ ■ E*] is a Co-row contraction, where E{ := PiWPtf G B(T>A,t) for 
any i = 1, . . . , n. If the entropy E(B C ) > — oo, then E(B C ) = E(B) if and only if 
B = B C . 

In particular, if \\A\\ < t, then E(B C ) = E(B) if and only if B = B c . 

We remark that if ||A|| < t, then the operator A(^4) G B{£) is invertible and 
E(A) > -oo. 
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3. Maximal entropy interpolation problems in several variables 

We obtain explicit forms for the maximal entropy solution (as well as its en- 
tropy) of the Sarason 60 , Caratheodory-Schur |12j . |61j . and Nevanlinna-Pick 
|35j type interpolation problems for the noncommutative (resp. commutative) an- 
alytic Toeplitz algebra F£° (resp. W£°) and their tensor products with B(H,K). 
Moreover, under certain conditions, we also find explicit forms for the corre- 
sponding classical optimization problems, in our multivariable noncommutative 
(resp. commutative) setting. In particular, we provide explicit forms for the max- 
imal entropy solutions of several interpolation problems on the unit ball of C n . 
Finnaly, we apply our permanence principle to the Nevanlinna-Pick interpolation 
problem on the unit ball. 

3.1. Maximal entropy solution for the Sarason interpolation problem 
for analytic Toeplitz algebras. Given R G R^®B(£,£') with dimf < oo, 
and <£ G R^<E>B(£i,£') an inner operator, we consider the following Sarason (see 
60 ) type left interpolation problem with tolerance t > for R^®B(£, £'): 
Find * G R^($B(£,£') with maximal entropy such that 

(3.1) ||*|| < t and * = R + $G, 
where G G R™®B(£,£i). 

In this section, we find the solution to this problem and prove a permanence 
principle for it (see Theorem 13. II and Theorem 13.2(1 . Under a certain condition, 
we obtain explicit forms for the maximal entropy solution of the Sarason inter- 
polation problem for analytic Toeplitz algebras in our multivariable setting (see 
Theorem 13.31 and Corollary 13 .4(1 . We also find an explicit form for the unique 
solution of the corresponding Sarason optimization problem (see Theorem 13.51 
and Theorem 13.6(1 in our setting. 

We recall (from Section 11.2(1 that the entropy of a multi-analytic operator 
* G R™®B(£,£') with ||*|| < t is defined by #(*) := lndet A(*), where 

(A(¥)fc, h) := inf ((t 2 I - -p),h-p), h G £ , 

where the infimum is taken over all polynomials p G F 2 (H n ) (g> £ with p(0) = 0. 

Theorem 3.1. Let R G R™®B{£,£') with dim£ < oo, and G K£®B{£i,£') 
be an inner operator. Let A : F 2 (H n ) ®£ — >Ti.' be defined by A := Ph'R, where 

(3.2) H' := [F 2 {H n ) ® £'] 6 $[F 2 (H n ) ® E 1 }. 

Then there is a solution for the interpolation problem l|3.1() if and only if\\A\\ < t. 
Moreover, the central intertwining lifting $ max of A with respect to {Si ® Ie}f=i 
and {Si <8> l£'}™=i * s the maximal entropy solution for the problem (|3.1(L 

Proof. First, note that if * is a solution to the interpolation problem (|3.1|) . then 
we have P n ,^ = P n ,R = A and \A\ < t. Conversely, let T { G B(H'), i = 
1, . . . , n, be defined by T- := P^i(Si <S> L^)\H' and note that 

A{Si®I £ ) = T(A, i = l,...,n. 

Since [Si <8> I& • • ■ S n ® Ig>] is an isometric dilation of [T{ ■ ■ ■ T£\, we can apply 
Theorem 12.41 and the remarks following Theorem 12.51 to this setting. Therefore, 
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the central intertwining lifting B c of A with tolerance t satisfies the conditions 
P n ,B c = A, \\B C \\ < t, and 

B c {Si ® I £ ) = {S. L ® I e >)B c , i = l,-..,n. 

Hence, B c = f maj! for some multi-anlytic operator \£ m ax e R^$)B(£,£'). Since 
P-H'^rnvx ~ R) = 0, according to jSSj, we have ^ max -Re §(R™®B(£,£')). 
Hence, ^ max = R + <&G for some G G R^®B{£,£i). On the other hand, since 
f mH is the central intertwining lifting of A, Theorem 12 . 201 and Proposition 12.211 
show that it is also the maximal entropy solution to the interpolation problem 
(|3.1j) . The proof is complete. □ 

Let K,' C £' be an invariant subspace under each operator S*<gil£i, i = 1, ... ,71, 
such that 7i' C K,' , where Ti' is given by relation (|3.2|) . According to Theorem 
2.2 from [35], there exists an inner operator ^ G R^®B{£2,£') such that 

(3.3) K! = \F 2 (H n ) ® £'] f[F 2 (ii„) ® £ 2 ]. 
Since /C' 3 W, we have 

^[F 2 ^) ® £2] C $[F 2 (^„) ® £x]. 

Hence, as in the proof of Theorem 3.7 from [^H], one can show that there is 
$1 G R^®B(£ 2 ,£i) such that $ = $$1. Conversely, if * = $$1, then the 
subspace fC' defined by ()3.3|) defines an invariant subspace under each operator 
(8) i = l,...,n. 

Let $ 6 R^®B{£i,£') and $1 G R™®B(£2,£i) be inner operators, and let 
f miffi G R^®B(£,£') be the maximal entropy solution of the problem (|3.1|) . 
Consider the following interpolation problem: 

Find T G R^<g)B (£,£') with maximal entropy such that 

(3.4) ||r||<t and T = ^ max + ®3>iG, 

where G G R™®B(£,£ 2 ). 

We can prove the following permanence principle for the interpolation problem 
(EIIll- 
Theorem 3.2. Let R G R™®B (£,£') with dim£ < 00 ; and G R^®B(£i,£') 
be a pure inner operator. Let $ max be the maximal entropy solution for the 
interpolation problem (|3.1|) , £ R^®B{£2,£\) is an inner operator, then 

$ max is also the maximal entropy solution for the interpolation problem (|3.4|) . 

Proof. Let ^ 

max be the central intertwining lifting of the operator A : — P^iR. 
Then according to Theorem 13. 1[ $ max is a maximal entropy solution for the 
interpolation problem (|3.1j) . Note that since <& is pure, i.e., ||Pg/$/i|| < ||/t||, 
h £ £1, the results from [HHl imply that [Si <8> if • • • 5* n ® if] is the minimal 
isometric dilation of the row contraction [T[ ■ ■ ■ T^] . Set 

K! = [F 2 {H n ) ® £'] e $$i[F 2 (ff n ) ® £ 2 ] 

and let Yye' := -Pjc* 

max be the corresponding central partial intertwining lifting 
of A. The permanence principle of Theorem 12.101 implies that ^ max is also the 
central intertwining lifting of Y^i . Applying Theorem 13.11 to the operator Yjqi 
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instead of A, we conclude that $ maj[ is also the maximal entropy solution of the 
interpolation problem (|3.4|) . □ 

We remark that the previous theorem will be used in Section [3.41 to obtain a 
permanence principle for the Nevanlinna-Pick interpolation problem on the unit 
ball of C n . 

Now, using the results of the previous sections, we can obtain explicit forms 
for the maximal entropy solution of the Sarason type interpolation problem for 
R™®B(£,y). 

Theorem 3.3. Let TL' C F 2 (H n ) <®y be an invariant subspace under each oper- 
ator S* ® Iy, i = 1, . . . , n, and let A : F 2 (H n ) ® £ — > W be such that \\A\\ < t 
and 

A(Si ® I S ) = [P H > {Si ® Iy)\H']A, i = l,...,n. 
Let if) : £ — > F 2 (H n ) ® £ and 8 : £ — > F 2 (H n ) ®y be operators defined by 

(3.5) ^/i := (i 2 /-A*A) -1 (l®/i) and 0/t := A(i 2 / - A*yl) _1 (l ® h), 

for any h E £. Then M^,M$ are multi- analytic operators, with invertible 
and 

M-\l ® h) = e - ® A(A)Pg(^)*/i, h & £. 

ae¥+ 

The central intertwining lifting B c of A with respect to {Si ® ig}£_i and {Si ® 
/y}^ is equal to MgMT 1 and the multi- Toeplitz operator t 2 I — B c B c admits a 
square outer spectral factorization 

t 2 I - B*B C = M*M X , 

where M x E R^®B(£) is an outer operator given by 

M x := [/®(P^)V2] M - 1 . 

Moreover, if dim £ < oo, then MgMT 1 is the maximal entropy lifting of A and 

E{M e M- 1 ) = -lndet[P £ (t 2 I - A*A)- 1 \£\. 

Proof. Note that [Si® Iy • ■ ■ S n ®Iy] is an isometric lifting of the row-contraction 
C:= \P n <(Si®I y )\H' ■■■ P W (S n ®Iy)\H']. 

According to the remarks following Theorem 12. 5( there is a unique isometry 

$:£':= W © [F 2 (H n ) ® V] -> F 2 (H n ) ® y, 

such that (Si® Iy)<& = $V(, for any i = 1, . . . , n, and = W', where [V/ ■ • ■ V£] 
is the minimal isometric dilation of C on /C'. The operator B c := &B C is the central 
intertwining dilation of A with respect to [Si ® Iy ■ ■ ■ S n ® Iy] . Since 

(S ® Iy)B c = B c (Si ®I e ), i = l,...,n, 
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we infer that B c = Mf for some multi-analytic operator Mf G R^®B(£ ,y). On 
the other hand we have ||-M/|| = ||-B C || — t- According to Theorem 12.181 is 
an invertible multi-analytic operator on F 2 (H n ) ® £ . Using Lemma l'2. Ill we get 

B c iph = $B C D^(1 ® h) = <5>AD A 2 (1 ® h) 

= AD A 2 t (l ®h) = 0h 

for any h G £ . Therefore B C M^ = M e , and M e G R™®B(£). Now, using 
Corollary 12.161 and Theorem 12. 181 we can complete the proof of the theorem. □ 

Let F 2 (H n ) C F 2 (H n ) be the symmetric Fock space and let us define W£° := 
p F2(H )F%°\Fs( H n)- We recall that is the WOT-closed algebra generated 
by S 

Bi := P F 2 {Hn) Si\F 2 (H n ), i = l,...,n, 

and the identity. Let TL S C F 2 {H n ) ® y be an invariant subspace under each 
operator B* ® Iy, i = 1, . . . , n, and let C : F 2 {H n ) ® £ — » TL S be an operator 
satisfying ||C|| < t and 

(3.6) C(B i ®I £ ) = [P H3 (B i ®Iy)\H s }C, i = l,...,n. 

Since F 2 {H n ) is an invariant subspace under each S*, i = 1, . . . , n, it is easy 
to see that 7i s is also invariant under S* ® Iy, i = 1, . . . , n. Setting 

A := C(P FKHn) ® If) : F 2 (H n ) ®£^ F 2 (H n ) ® J, 

relation (|3.6|) implies 

(8 If) = [P Ws (5i ® i = 1, . . . , n. 

Let B c be the central intertwining lifting of A with respect to {Si ® If }ILi an d 
{-SiOJy}^, i.e., 

B c e R™®B(£,y), P Hs B c = A, and H-Bcll < t. 

Define 

C c := (Pp |(Hft) ® Iy)B c \F 2 (H n ) ® 5 G W~®B(£,;y) 

and note that Pft s C c = C and ||C C || < i. We call C c the central intertwining 
lifting of C with respect to {Bi ® If }f =1 and {1^ ®Iy}™ =1 , and tolerance i. Note 
that C c is a solution of the Sarason interpolation problem for the operator space 

w™®B{£,y). 

If ||C|| < t, then one can apply Theorem 13.31 to the bounded operator A := 
C(P F 2( H \ ® If) and deduce the following multivariable commutative version for 
the Sarason interpolation problem. 

Corollary 3.4. Let H s C F 2 (H n ) ® y be an invariant subspace under each 
operator B* ® Iy, i = 1,. . . ,n, and let C : F 2 (H n ) ® £ — > W s 6e suc/t 
||C|| < t and 

(3.7) C( J Bi®If) = [P Wa (B i ®Iy)|H s ]C', » = l,...,n. 
Let C c G W~®P(f , J) 6e defined by 

C c := (P Wn) ®Iy)M e M^\F 2 {H n ) ®£, 
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where 6,ip are defined by relation (|3.5|) and A := C(P F 2( H \ <g> Is). Then C c is 
an intertwining lifting of C , i.e., 

P Hs C c = C and ||C c ||<t. 

In what follows, we show that, under certain conditions on the operator A, 
there is an explicit form of the unique intertwining lifting B of A such that 
||^4|| = ||J3||. We recall that an operator T G B(X,y) attains its norm if there is 
a vector x E X of norm one such that ||Tx|| = ||T||. 

Theorem 3.5. Let Ti 1 C F 2 (H n ) ® y be an invariant subspace under each op- 
erator S* <8> ly, i = 1, • • • ,n, and let A : F 2 (H n ) — > Ti' be a contraction with 
\\A\\ = 1 and which attains its norm. If 

AS i = [P w (S i ®Iy)\H']A, i = l,...,n, 

then there is a unique intertwining lifting G R^®B(C,y) of A such that 
\\A\\ = ll-M^II- Moreover, M v is an inner operator uniquely defined by the equation 



(3.8) M v g = Ag 

and g is a vector in F 2 (H n ) where A attains its norm. 

Proof. Let g = xf he the inner-outer factorization of g, where x € F£° is inner 
and / G F 2 (H n ) is outer. Since ASi = X-A, i = 1, . . . , n, where 

Tl:=P H ,(S i ®Iy)\H', i = l,...,n, 

and [T{ ■ ■ ■ T/J is a Co-row contraction, we can use the F^°-functional calculus 
for row contractions (see |43j ^ and obtain 

\\A\\ = \\Ag\\ = \\Ax(S u ...,S n )f\\ 

= \\x(T{,...X)Af\\<\\Af\\ 

<\\A\\ ll/H = \\A\\. 

Here, we took into account that ||/||2 = 1 arid = 1- Therefore, \\A\\ = \\Af\\. 
By the noncommutative commutant lifting theorem, there is an intertwining lift- 
ing B of A such that 

BSi = (Si (g> Iy)B, i = 1, . . . , n, 

and \\A\\ = \\B\\. According to L 44] , there is M v G R™®B(C, y) such that 
Mtp = B. Since P^M V = A, we have 

= \\Af\\ = \\P^M v f\\ 

< \\M v f\\ < \\M V \\ = \\A\\, 

which implies Af = P^M^f = M v f. Since M v is a multi-analytic operator, we 
deduce that 

M v ^2 aaSa f = ^2 a a(S a ® Iy)Af, a a G C. 
V |a|<m / |a|<m 
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Note that, since A*Af = f, we have 

2 



a a {S a ®Iy)Af 

\a\<m 



E < a a \/3( 5 «\/3 ® A/} 

a>/3, \a\,\/3\<m 

+ E ^ 

a</3, |a|,|/3|<m 

= E (w^Af , a/) 

a>/3, |a|,|/3|<m 

+ E ( A f^^\ a Af) 

a<(3, \a\,\/3\<m 
a>/3, \a\,\/3\<m 

+ E 

A(S p \ a <g> /y)/> 

a</3, [a|,|/3|<m 

E ( a a\p(S a \i3® Iy)fj) 
a>/3, \a\,\f3\<m 

+ E (fi a f3\a(Sf3\a®Iy)f) 

a</3, |«|,|/3|<m 
2 

\a\<m 

Since / is outer, we infer that M v is an inner operator. 

Assume now that there is another M Vl € R™®B(C, y) such that M Vl g = Ag. 
Then we have M^g = M^g. Using the inner-outer factorization g = %/, we get 
M<pf = M vi f. Since / is outer, we have M v = M Vl . Therefore, tp = f\ and the 
proof is complete. □ 

According to the proof of Theorem 13 .5[ one can assume that ||^4/|| = 1 and 
Mu,f = Af for some outer vector / in F 2 (H n ). In this case, there is a sequence 
of polynomials pk G F 2 (H n ) such that 



\\pk{Sx, ■ ■ -,S n )f - 1| 



as k — > oo. 



Now, it is clear that 



ip = lim pk(Si <8> Iy,...,S n <8) Iy)Af. 

k— >oo 

Note that if ker(J — A* A) is one dimensional, then any vector where A attains 
its norm is outer. 

Our commutative version of Theorem 13.51 is the following. 

Theorem 3.6. Let TL S C F 2 (H n ) ® y be an invariant subspace under each op- 
erator B* (g) Iy, i = 1, . . . ,n, and let C : Fg(H n ) — ► TC S be a contraction which 
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attains its norm \\C\\ = 1 and 

(3.9) CB i = [P Hm (B i ®Iy)\H,]C, i = l,...,n. 

Then there exists G G W£°®B(C,y) such that P Hs G = C and \\G\\ = \\C\\. 
Moreover, the operator G is given by the equation 

(3.10) G = ^-, 

9 

where g is any vector in F 2 (H n ) where C attains its norm. 

Proof. Let A := CP F 2 {Hn) : F 2 (H n ) -» F 2 (H n ) g> y, and note that 

\\M = \\C\\ = \\Cg\\ = \\Ag\\ = 1. 

Since F 2 (H n ) is an invariant subspace under each operator B*, i = l,...,n, 
relation (|3.9() implies 

ASi = [P Hs (Si®Iy)\n s }A, i = l,...,n. 

According to Theorem 13.51 there exists M v G i?$f<g)-B(C, y) such that 

P Hs M v = A, \\A\\ = \\M V \\, and M v g = Ag. 

Hence, we infer that 

{PFKH n )®yM v \F 2 {H n ))g = Cg. 

Setting G := Pp-i^^yM^F 2 {H n ) and using the identification of W£° with 
the algebra of analytic multipliers of F 2 (H n ) (see jS]), it is clear that G G 
Wfi°®B(C, y) has the required properties. The proof is complete. □ 

We remark that one can obtain versions of Theorem l3.5l and Theorem 13 . 61 when 
\\A\\ = t and t > 0. 



3.2. Maximal entropy solution for the Caratheodory-Schur interpola- 
tion problem for analytic Toeplitz algebras. Let q := Yl Ra ® A a , 

\a\<m—l 

A a G B(£i,£2), be a polynomial in R^®B(£i, £2) and let 

(3.11) doo := inf {||G|| : G G R%>®B(E 1 ,£ i ) and G a = A a , if |a| < m - 1} , 

where {G Q } agF + are the Fourier coefficients of G. The Caratheodory-Schur (see 
OH, IS]) optimization problem (l3~TTT) is to find G G R™®B(£ 1 ,£ 2 ) with the 
smallest norm subject to the constraint 

(3.12) G a = A a ifoGF+, \a\ < m - 1. 

The Caratheodory-Schur interpolation problem with tolerance t > doo is to find 
G with || Gil < t subject to the the same constraint. In jll], we proved that 
doo = \\A\\, where A := Pv m -x®£%1 an d Pm-i denotes the set of all polynomials 
in F 2 (H n ) of degree < m — 1. 

In what follows, we provide an explicit form of the maximal entropy solution 
for the Caratheodory-Schur interpolation problem with tolerance t > d^. For 
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each j = 1, 2, define the Fourier transform Tj : ^ 2 (F+) gi £j — » F 2 (H n ) <g) £j by 
setting 

(3.13) 

for any (y a ) aeF + G ^(F+J ® 

Theorem 3.7. Let q := Yl Ra ® ^4a; ^-q 6 B(£i,£ 2 ), be a polynomial in 

\a\<m—l 

R^®B{£i,£-2), and let M := [A a ^] a |wi< m -i fre i/te operator matrix defined by 



A 



a,/3 



A 

0: 



a \/3, ifa>(3 



otherwise. 



Let t > doc = and define the operators ip : £\ — > F 2 (H n ) £\ and 

6 :£ x ^F 2 {H n )®£ 2 by 



(3.14) ij) := Fi{t 2 I-M*M) 



-1 



Is, 








and 6 := T 2 M (t 2 I - M* M) 



-1 



Is, 








where T\ , T 2 are the Fourier transforms defined by relation ()3.13j) . Then the 
operator 

M v := MeM^ 1 € R^®B{£i,£ 2 ) 

is the central solution for the Caratheodory-Schur interpolation problem with tol- 
erance t. Moreover, if dim£i < 00, then M v is the maximal entropy solution. 

Proof. Let H' := V m - X ®£ 2 and T[ G B(H') be defined by T[ := P<H>(Si®Ie 2 )\H' ', 
i = 1, . . . , n. Setting 

A := P H ,q : F 2 (H n ) ®E 1 ^>H , C F 2 (H n ) <g> £ 2 , 

we can apply Theorem 13.31 to A and find the central intertwining lifting B c of 
A given by B c = M e M~ l in R™®B{£ U £ 2 ), where 9,ip are defined as in (|3.5|) . 
Since AT-i = J- 2 [M 0], we have 

5/i = il(< 2 /->lM)- 1 (l®fc) 

= AFi^Ct 2 ! - A^^fiff^l h) 



T 2 M(t 2 I - M*M) 



-1 



Is, 








for any h £ £±. Similarly, one can get the formula for tp. Using again Theorem 
13.31 we can complete the proof. □ 

Now, we obtain an explicit solution for the Caratheodory-Schur optimization 
problem (|3.11|) for the analytic Toeplitz algebra -R£°. Denote 

N := card {a € F+ : \a\ < m - 1}. 
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Theorem 3.8. Let q := Yl\ a \< m -i a aRa, o« G C, be a polynomial in , and 
let M := [aa,/?]a],]/3|<ra-i ^ e ^ e matrix defined by 

I U, otherwise. 

Let y £ 6e any vector which attains the norm of M. Then there is a unique 
tp £ smc/j i/iai iis /irsi N Fourier coefficients are a a , \a\ < m — 1, and 
IMI = doo = \\M\\. Moreover, -r-<p is inner and ip is uniquely determined by the 
equation 

(3.15) pTy = J 7 My, 

where T : £ 2 (F+) — > F 2 (H n ) is the Fourier transform defined by 

• F [( a a)aeF+] = £ a « e « 

/or any (a a ) QgF + £ ^ 2 (F+). 

Proof. Let W := V m -i, y := C, and define the operator 

A := P w q : F 2 (H n ) H' C F 2 (H n ). 

Applying Theorem 13.51 in this setting, we find M v £ such that its first iV 
Fourier coefficients are a a , \a\ < m — 1, and \\M V \\ = d^ = \\M\\. Moreover 
j—Mp is inner and M v is uniquely determined by the equation 

(3.16) M^g = Ag, 

where g is any vector in F 2 (H n ) where A attains its norm. On the other hand, if 
y € is a vector where M attains its norm, then Ty is a vector where A attains 
its norm. Therefore, relation H3.16j) implies (|3.15|) . The proof is complete. □ 

We mention that, using Corollary 13.41 and Theorem 13. 6( one can obtain multi- 
variable commutative versions of Theorem l3.7l and Theorem l3.8l for W£°®B(£i, £2) 
and W£° , respectively. On the other hand, Theorem 13 . 81 can be extended to poly- 
nomials q £ i2£° ®B(C, £2), where £2 is an arbitrary Hilbert space. 



3.3. Maximal entropy solution for the Nevanlinna-Pick interpolation 
problem with operatorial argument in several variables. In this section, 
we obtain explicit forms for the maximal entropy solution of the left tangential 
Nevanlinna-Pick (see [33]) interpolation problem with operatorial argument in 
several variables (see Theorem I3.9j) as well as for its entropy (Theorem I3.11J1 . 

As in [SSI, the spectral radius associated with a sequence of operators Z := 
(Zi, . . . , Z n ), Zi £ B(y), is given by 

r(Z) := lim || V Z a Z* a f^ = inf || V Z a Z*\\W 

fc^oo k— >oo ^— 

\a\=k |ct|=fc 
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Note that if Z X Z\ -\ h Z n Z* < rly with < r < 1, then r(Z) < 1. Any 

element / in F,%°<£>B(7i.,y) has a unique Fourier representation 

for some operators A( a \ G B(H.,y) such that 

QGF+ 

If r(Z) < 1, it makes sense to define the evaluation of / at (Z±, . . . , Z n ) by setting 

oo 

(3.17) f(Z u ...,Z n ) :=J2 E Z « A {«)- 

k=0 \a\=k 

Now, using the fact that the spectral radius of Z is strictly less than 1, one can 
prove the norm convergence of the series (|3.17|) . 

Given C G B(H,y), we define the controllability operator W{z,c} '■ F 2 (H n ) (g) 
H — > y associated with {Z, C} by setting 

( \ °° 

W {z,C} e a ®h a \ := 53 5Z Z a C h a , 

\ae¥+ J k=0 \a\=k 

where a is the reverse of a := g^ • • • gi k G F+, i.e., a := gi k - ■ ■ g^ . Since r(Z) < 
1, note that W{z,c} ls a well-defined bounded operator. We call the positive 
operator G{z,C} := ^{z.c}^{z c) * ne controllability grammian for {Z, C}. It is 
easy to see that 

oo 

(3-18) %C}=EE ^^Z; 

fc=0 \a\=k 

where the series converges in norm. As in the classical case (n = 1), we say that 
the pair {Z,C} is controllable if its grammian G{z,c} is strictly positive. We 
remark that Gsz,c\ is the unique positive solution of the Lyapunov equation 

n 

(3.19) X = 53 ZtXZ* + CC* . 

i=l 

Given Z := \Z\ ■■■ Z n ] G -B(0™ =i ;y, X> with r(2) < 1, and the operators 
B G B(lC,y) and C G B(H,y), we note that 

W f {2,B}(fii®^) = 2;% ) fl} and 
%,C}(^® J «) = ^%,C} for any i = 1, . . . ,n. 
On the other hand, if $ G Ffi°®B(Tl,)C) has the Fourier representation 
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then 

(3.21) [(I®£)*](2) = C 

if and only if 

oo 

y~] ZaBA^ = c. 

k=0 \a\=k 

A straightforward computation on the elements of the form ep®h, h G H, (3 G F+, 



shows that relation (|3.21|) holds if and only if 

(3.22) W {2 ^ = W {ZyC} . 

Consider the optimization problem 

(3.23) dooiZ^G) :=inf{||e|| : [(/ ® = C, Q G F™®B(H, £)} , 

which we call the standard left tangential Nevanlinna-Pick interpolation problem 
with multivariable operatorial argument. According to Theorem 7.2 from |55| . 
we have cfoo := doo(Z, B, C) < oo, if and only if there exists a bounded operator 



A : F\H n ) ® W -> W' := range W^ B} C F 2 (tf n ) ® /C 

such that 

(3.24) ^ {2 , B} ^ = 

Moreover, in this case A is uniquely determined and there exists an operator 
©opt 6 F™®B(H,1C) such that [(I (8 5)G opt ](£) = C and 

(3.25) ^00 = ||A|| = ||0 opt ||. 

Setting T[ := P H ,{R i ®I K )\'H' , we have T[A = A{R i ®I v ) for any £ = 1, . . . , n. It 
is easy to see that A is an intertwining lifting of A with respect to {Ri <g> ijc}Jt=i 
if and only if i = G for some G F™®B{H, K) such that W {2 ,b}Q = W {2)C7 }- 
Using this fact, one can see that the optimization problem ()3,23j) is equivalent to 
the following 

(3.26) doo(Z, B,C) := inf l\\A\\ : A is an intertwining lifting of a\ . 

On the other hand, we say that Q c G F^°®B(7i,lC) is the central interpolant 
for the standard Nevanlinna-Pick problem with tolerance t > if G c is the central 
intertwining lifting of A with tolerance t, i.e., ||G C || < t. In [53], we proved that, 
given t > 0, there exists G G F%°®B(H,K) satisfying 

(3.27) [(I ® B)G](Z) = C and ||Q|| < t, 
if and only if 

t 2 G{z,B} - G{z,c} > 0, 

where G{z,B} and G{2,c*} are the grammians for {Z, B} and {Z, C}, respectively. 
Now, using the results from previous sections, we deduce that Q c is the maximal 
entropy of the interpolation problem (|3.27j) . if dimTt < oo. 
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In what follows, assume that the grammian G{z,B} is strictly positive. Ac- 
cording to [SS], there exists 6 op t G F£°(&B(H,1C) solving the problem ()3.23|) . i.e., 

(3.28) [(/ ® B)@ opt ](Z) = C and = ||0 opt ||. 

Moreover, the spectral radius of G{z,C}^7z B y * s ec t na ^ to d 2 ^. 

Now, we can obtain an explicit form for the maximal entropy solution of the 
standard left tangential Nevanlinna-Pick interpolation problem with operatorial 
argument in several variables. 

Theorem 3.9. Let Z := \Z X ■■■ Z n ] G B(®? =i y,y), B G B(K,y), and C G 
B(Tt,y) be operators such that r(Z) < 1 and the grammian G^,b} * s strictly 
positive. Then d^ < oo and the central interpolant Qt with tolerance t > d^ for 
the standard left tangential Nevanlinna-Pick problem with operatorial argument 
is given by 

@ t = m-\ 

where $ G F^°0B(H,}C) and ^ G F^®B{J-L) are analytic Toeplitz operators 
defined by 

* := S * ® B*(Z & y(t 2 G {z<B} - G {Z ^Y X C and 



t 2 



Sa®C*{Z & f{t 2 G {ZjB} -G {ZtC} r 1 C. 

QSF+ 

In particular, Qt £ F£°®B(H,)C) is an analytic Toeplitz operator such that 
[{I®B)Q t ]{Z u ...,Z n ) = C and ||e t ||<t. 

Proof. Since the grammian G{ ZB y is strictly positive, the operator Wf z B -, has 
closed range and 

Grange W* {Z B} = W {Z,B} G {Z,B} W {Z,B}- 

Note that the operator 

(3-29) A := Wl z>B} G- { l B} W {z>c} 

satisfies the equation W{ Z ,B}A = ^{z,c} an d 

A(Ri tg> I H ) = AT h i = l,...,n, 

where 

T[ := P H ,(Ri ® I K )\H' and H' := range W£r )B }- 
Since cioo = ||^4||, we have ||^4|| < t. On the other hand, since 
W {ZiB} AA*W{ z>B} = W {Z:C} W* {ZjC} , 

it is easy to see that the operator t 2 Gr z ^ B y — Gi Zj c\ is strictly positive. Let B c 
be the central intertwining lifting of A with respect to {B4 <S>I;c}t=i an d tolerance 
t. Then B c G F™®B(H,1C), \\B C \\ < t, and W {Z , B} B C = W {z , c} . 



ENTROPY AND MULTIVARIABLE INTERPOLATION 



75 



Now, we use Theorem 13.31 to find an explicit formula for B c . To this end, 
according to relation (|3.29|) . straightforward calculations show that 



D% t ■= t 2 I - A* A = t 2 I - W{ ZjC} G^l B} W {z>c} 



and 
(3.30) 



D 



-2 
A,t 



Hence, and using again relation ()3.29j) . we obtain 



AD 



A,t ~ W {Z,B} { l ^{Z,B} - VV {Z,C} 



(t 2 G 



Wf 



Wi 



{Z,C}- 



Note that W {Z:C} (1 ®h) = Ch, he H, and 

w {z, c} y =Y. e «® c *( z *)*y' y^y- 



Therefore, the above equations imply 



, -l 



1 <g> h + e « ® C *( Z «Y { t2 G{z,B} - G{z,c}) ( '!> 



and 



AD A %1 ®h) = Y, e « ® B*(Z & )* {t 2 G {ZtB} - G {Zfi} ) 1 Ch 
for any h £ 7i. 

Now applying Theorem l3.3l to the operator A, which satisfies \\A\\ < t, we find 
the explicit forms for $ and mentioned in the theorem. According to Corollary 
12. 161 and Theorem 12.181 the operator \I> is invertible in F^®B(7i) and 



t 2 i-e*e t = 

This implies ||@t|| < t, and the proof is complete. 



□ 



Remark 3.10. Under the conditions of Theorem \3.!A the operators <3? and ^ 
satisfy the following state space formulas 



-i 



$ = (/ ® B *) [I - Si ® Z*) (I ® (t 2 G {ZtB} - G {zc} y l c) , 



1=1 



$ = — 

t 2 



-1 



I+{I®C*)[l-Y,Si®Z*\ (l <g> (t 2 G {z , B} - G {Z , C} T X C) 



i=l 
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Proof. Note that, for any k = 1, 2, . . . , the operators S a , \a\ = k, are isometries 
with orthogonal ranges. Now, it is easy to see that 



\\{S x ®Zl + --- + S n ®Z,, 



*\k I 



Eft. 

\a\=k 



z% 



s2 s «® z A Eft 

Ja|=fe / \|a]=fc 

1/2 



E 7 ® z « z i 

\a\=k 



E ^a-^a 
o|=fc 



1/2 



Since t{Z) < 1, the root test implies the convergence of the series 

oo 

J2MSi®zt + ... + s n ®z*) k \\. 



k=0 



Hence, it is clear that 



(/ - Si <8) z\ - , , , - s n ® z:)- 1 = EE S ^^- 

fe=0 |a|=fc 

Using Theorem 13. 9| we can complete the proof. 



□ 



Let G Ffi°®B(H,K.) be an interpolant for the standard Nevanlinna-Pick 
problem with tolerance t, i.e., 

(3.31) [(/«8)e](2) = C and ||9|| < t. 

Define 

(A(e)x,x)=mi{((t 2 I-e*@){x-p),x-p): P eF 2 (H n )®H and p(0) = 0} 

for any x G 7Y. If W is finite dimensional, then the entropy of is defined by 

£7(6) := lndetA(e). 

According to Theorem 12.91 we have A(^) < A(0^), where @t is the central 
interpolant for the problem (|3.31|) and ^ is any interpolant for the same problem. 
Moreover, if dim ft < oo, then Corollary 12.211 shows that E(Q t ) > E(^f), i.e., Q t 
is a maximal entropy interpolant. 

Now, we can prove the following result. 

Theorem 3.11. Let Z := [Z x ■ ■ ■ Z n ] G B(®f =i y,y), B G B{JC,y), and 
C G B(Tl,y) be operators such that r(Z) < 1 and the grammian G{z,B} *s 
strictly positive. Then the central interpolant Qt with tolerance t > d OQ (Z,B,C) 
is the maximal interpolant for the standard left Nevanlinna-Pick problem with 
operatorial argument and tolerance t, and 



(3.32) 



A(0t) = i [l H + C* {t 2 G {ZtB} - G {ZtC} ) 1 C 
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If dim TL < oo, then the entropy of Qt is given by 



(3.33) 



In det 



1 

j? L 



In + C* {t 2 G{ Z ,B} - G{z,c} 



-i 



C 



Moreover, Qt is the maximal entropy interpolant, i.e., E{^) < E(Qt) for any 
interpolant and E(Qt) = E(^f) if and only if Qt = 1 J / . 

Proof. According to Theorem 12.91 (when ||j4|| < t) and Theorem I3.9| we have 

A(e t ) = a(a) = p n D A ] t \n. 

Using relation l|3.30() and the definition of W{ Z .c} an d ^{z,B}^ we S e t equation 
()3.32[) . Now, we can use Theorem 12.181 to obtain (|3.33|) . The last part of the 
theorem follows by applying Corollary 12 . 2 1 1 to our setting. The proof is complete. 

□ 



(3.34) 



Let Ti, /C, and 3^, i = 1, . . . ,<m, be Hilbert spaces and consider the operators 

B r .ic^y v Cj-.n^y,, j = i,...,m, 

kj := [Ayi • • • k jn ] : 0™ =1 ^- -» y,, j = 1, • • • , m, 

such that r(kj) < 1 for any j = 1, . . . ,m. The left tangential Nevanlinna-Pick 
interpolation problem with operatorial argument and tolerance t > for the 
tensor product F%°®B(H, K) is to find <£> in F™®B{H, K) such that ||$|| < t and 

(3.35) [(I®B j )$](k j ) = C j , j = l,...,m. 

Define the following operators 



B 



B„ 



: K 



■,.m 



i^, C:= 



Ci 



■ n -> ®f =1 y : 



3 1 



and Z := \Z\ ■ ■ ■ Z n ], where Zj is the diagonal operator defined by 

zi yj — » ©^=1^7 



A H 
k 2i 



A- 



3™ 



for any i = 1, . .. ,n. Note that the interpolation relation (J3.35|) is equivalent to 
relation (|3.21|) and we have 

oo 

t 2 G{z,B} ~ G{z,c} = XT XT z a[t 2 BB* - CC*]Za 

p=0 \a\=p 



^2 X] A ja[t 2 BjBl - CjCl]k% 

p=0 \a\=p 



ka 



j,k=l 



where W^ z ,b} an d ^{z,c} are the controllability operators associated with {Z, B} 
and {Z,C}, respectively. 
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It we proved that the left tangential Nevanlinna-Pick interpolation prob- 
lem with data Aj, Bj, and Cj, j = 1, . . . , m, and tolerance t > 0, has a solution 
if and only if the operator matrix 



(3.36) 



EE* 

p=0 | a |: 



3" 



[t 2 BjBl - CjCl]K* k 



ka 



J j,k=l 



is positive semidefinite. 



Remark 3.12. All the results of this section can be written for the left tangential 
Nevanlinna-Pick interpolation problem with operatorial argument with data Aj, 
Bj, and Cj, j = 1, . . . ,m, and tolerance t > 0. In particular, one can obtain an 
explicit form of the maximal entropy solution of the above mentioned interpolation 
problem. 



3.4. Maximal entropy interpolation on the unit ball of C". In this section, 
we present some consequences of the results of this paper to analytic interpolation 



on the open unit ball B„ of C n . Let Zj 
points in B n , and let Bj G B(fC,y/), Cj G B(H,y. 



; Zjnji 



3)i 



J 



1, . . . , m, be distinct 
= 1, . . . , m. The left 



tangential Nevanlinna-Pick interpolation problem with data Zj G 



Bj , C 



3i 



,m, and tolerance t > 0, is to find € F£°®B(H,1C) such that 

= Cj, j = l,...,m, 

that this interpolation problem has solution if 



J = l. 

(3.37) BjQ{ Z j 
and ||0|| < t. We proved in EE 



and only if the operator matrix 

~t 2 BnB? 



1 - (Zj,Z k ) 



j,k=l 



is positive semidefinite. Now, as a consequence of the results of Section 13.31 
we can find the maximal entropy solution of the interpolation problem (|3.37|) . 
Moreover, under certain natural conditions, we obtain an explicit form for the 
unique solution of the Nevanlinna-Pick optimization problem (see Theorem 13 .14(1 . 
Finally, we apply our permanence principle to the Nevanlinna-Pick interpolation 
problem on the unit ball (see Theorem I3.16j) . 

First, we obtain an explicit form for the maximal entropy solution of the left 
tangential Nevanlinna-Pick interpolation problem with tolerance t on the unit 
ball, under certain natural conditions. 

Theorem 3.13. Let Zj := (zji, . . . , Zj n ), j = 1, . . . , m, be distinct points in M n , 



and let Bj G B(JC,yj), Cj G B(H,yj), 
grammian 



j = 1, ... ,m, be operators such that the 



(3.38) 



B3BI 



1 - (Zj,Z k ) 



j,k=l 



is strictly positive. Let t > d^ and let Qt be the central interpolant for the left 
tangential Nevanlinna-Pick interpolation problem with tolerance t. Then 0*(A) = 
$(A)^(A) _1 where, for any A — (Ai, . . . , X n ) G B n , 
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-1 



$(Ai,...,A r , 



B* I 



and 



1 - (Zj,Z k ) 



C 



-1 



*(Ai,...,A n ) 
where 



I + C* / - ^ A;Z* 



i=l 



I B 3 B k ~ C j C k 
1 - {Zj,Z k ) 



C 



hk=l. 



















~Ci 


(3.39) Zi := 







••0 


, B = 




, c = 












Zmilyi 




B m 




Cm 



for any i = 1, . . . ,n. In particular, if dim 7i < oo, then Qt is the maximal 
entropy solution satisfying \\Qt\\ < t and BjQt(zj) = Cj for any j = 1, ... ,m. 
Moreover, the entropy of Qt is given by 

\ -i 



E(Q t 



In det 



I + C* 



J.2 73 tj* r~< /-I* 

1 BjB k - CjC k 



1 



c 



Proof. Let Zj := {zji, • • • , Zj n ), j = 1, . . . , m, be distinct points in B n . Note that 
for any j, k = 1, . . . , m, we have 

\- _ 1 

/ Zj a Z ka 
QGF+ 

A simple computation shows that 



1 - (Zj,Z k )' 



C{Z,B} : 

Therefore, we have 



^ ^ ZjaZkaBjBfr 



BjB* k 



j,k=l 



(zj,z k ) 



j,k=l 



t 2 G{z,B} - C{Z,C} 



t 2 B,jBl - C 4 d 



J^k 



1 - (Zj,Z k ) 



j,k=l 



where Z := [Z\ ■■■ Z n ]. Since t(2) < 1 and the grammian Giz,b} 1S strictly 
positive, we have doo < oo (see Section l3~3|) . Now, we can apply Theorem 13.91 
and find the central interpolant Qt for the left tangential Nevanlinna-Pick inter- 
polation problem with tolerance t > d^, on the unit ball. Using Remark I3.1U1 
and taking the compression of Qt to the symmetric Fock space, we get the cor- 
responding formulas for $(Ai, . . . , A„) and ^(Ai, . . . , A n ). To complete the proof 
of the theorem, we need now to use Theorem 13 1 1 1 1 in our particular setting. □ 

As mentioned in Section f3.31 if the grammian G{z,B} is strictly positive, then 
there exists op t G F£°®B(H,JC) solving the problem 

(3.40) [(/ ® B)Q opt ](Z) = C and = ||0 opt ||. 
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In what follows, we find an explicit form for the unique solution of the optimiza- 
tion problem 1)3.40(1 on the unit ball M n . 



Theorem 3.14. Let z,- 



{Zjii . . . , Zj n ) , j 



1. 



, m, be distinct points in 



M n , and Zi be defined as in 1)3.39)1 . Let Bj G B(lC,yj) and Cj G B(C,yj), 
j = 1, . . . ,m, be operators with dim 3^- < oo and such that the grammian 



j,k=i 



1 - (Zj,Z k )_ 

is strictly positive. Then the unique solution op t G F£°®B(C, KL) for the Nevanlinna- 
Pick optimization problem satisfies the equation 

d^[Bt •••//;; ;/ xx; 



- A ra Z*j 

kz*)- 



(3.4i) e opt (x u ...,x n )- [ci ... Q](/ _ AiZr An ^ nx 

where A = (Ai,...,A n ) G M n , Z\ is given by 1)3.39)) . and x is i/ie eigenvector 
corresponding to the largest eigenvalue A max of the operator 



( 


[ B 3 B* k - 


m \ - 1 


\ c 3 ct - 


m 




1 - {Zj,Z k )_ 


j,k=lj 


1 - (Zj,Z k )_ 


j,k=l 



Moreover, a%, = X 

'"-'opt 



and ^— @ 



oo "max 
©ont = «i 



opt is inner in F£°®B(C,1C). In particular, 
BjQ opt (zj) = Cj, for any j = 1, . . . , m. 



Proo/. Let Z := [Z x ■■■ Z n ] G S(©f =1 ^,^), B G B(/C,y), and C G B(C,^) 
be the data for the standard left Nevanlinna-Pick interpolation problem, where 
dim y < oo. First we prove that if t(Z) < 1 and G{ ZB \ is strictly positive, then 
there is a unique solution 6 G F£°($B(C, fC) for the interpolation problem 1)3.28)1 . 
given by the equation 

(3.42) 9 j Y, e « ® C * Z & X \=dloY e «® B * Z & X > 

where x is the eigenvector corresponding to the largest eigenvalue A max of the 
operator GJ 2 B ^G{z,c} £ B(y). Moreover, d^ = A max and ^-G is inner. 

Indeed, we know that if G{ Z ,b} is strictly positive, then the operator 

A = W* {z>B} G- { l B} W {ZtC} 

satisfies relation 1)3.24)) . Let x be an eigenvector corresponding to the largest 
eigenvalue A max of G~^ z B }^{z,c}- Using the above form of A, we get 

A*AW( Z>C} = A*A(A*W* {z , B} x) = A*W{ z>B} G^ B} G {z , c} x 



X m „A*W( z 

,B} X 



Amax Wr z t C} x - 



On the other hand, note that Wf z c yX ^ because Wf z B \X ^ is the eigen- 
vector corresponding to the largest eigenvalue A max of AA* . Since y is finite 
dimensional, the operator A attains its norm at the vector g := W? z c -^x. 

Now, we use Theorem 13.51 to solve the optimization problem 1)3.26)1 . First, 
note that the operator G*^ z B y is one-to-one and onto Hi (see Section l3~3*l for the 
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definition of 7i'). Now, one can easily see that AA* is similar to GJ 2 B yG{z,C}- 
In particular, if A max is the largest eigenvalue of G7 Z B \G^ z ,c}i then 

Amav — IIA.A II = II -All — d 



oo ■ 



Note that 

W {Z,C} X = Yl e ° ® C * Z ** X 

and 

AW {Z,C} X = W {Z,B} G {Z,B} G {Z,C}X = Amax^ B} X 

= A max ^2 e a ® B*Z%x. 

Therefore, according to the i2£°-version of Theorem l3.51 the equation ()3.42j) holds. 
Since t{Z) < 1, as in the proof of Remark I3.1UI the equation (|3.42|) becomes 

e[(i®c*)(i-5i®zj s n ®zz)-\i®x) 

= doo(/ ® - & ® z; s n ® z* n y x (\ ® s). 

Since the symmetric Fock space F 2 (H n ) is invariant under each operator , . . . , S*, 
we can multiply the previous equation to the left by the orthogonal projection 
P F*{Hn)®K. and obtain 

8(Ai, . . . , A n )C*(I - \ X Z\ A n Z;)- 1 x 

= d 2 QO B*(I-X x Z* 1 \nZ* n )- l x 

for any (Ai,...,A n ) G B n . Here, we used the identification of with the 
algebra of analytic multipliers of the symmetric Fock space F 2 (H n ) (see 
Therefore, setting 6 op t := 0, the relation (|3.41|) follows. The proof is complete. 

□ 

In what follows, we present an application of the permanence principle to the 
Nevanlinna-Pick interpolation problem on the unit ball B n . Let z x ,...,Zk be 
distinct points in the unit ball B n , and let Cj G B(JC,Kf), j = l,...,k. The 
Nevanlinna-Pick interpolation problem with tolerance t for R^<giB(lC, fC') is to 
find $ G K^(B)B(1C,K!) such that 

(3.43) ||*|| << and $(z j ) = C j , j = l,...,k. 

According to |53| . this problem has solutions if and only HP^'^II — t, where 
\£ G R^®B(IC, K,') is an arbitrary operator such that ^f(zj) = Cj, j = 1, . . . , k, 
and 

(3.44) N' := span {f z . : j = 1, . . . , k} ® Kf, 
where 

fx := (/ - X X S X \ n S n )- l {l) G F 2 (H n ) 

for any A = (Ai, . . . , A„) G B„. 

In what follows we need the following factorization result for contractive multi- 
analytic operators. 
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Lemma 3.15. Let G R™®B{£,£') be a contractive multi- analytic operator. 
Then admits a unique decomposition = <E> © A with the following properties: 

(i) ^ € R^(^B(£q,£q) is purely contractive, i.e., \\Pgi^h\\ < \\h\\ for any 
he So, M 0; 

(ii) A = / U E R^0B(£ u ,£' u ), where U G B(£ u ,£^) is a unitary operator; 
(hi) £ = £ © £u £' = £' Q ® £' u . 

Proof. Let = Yl Ra^da, da £ £')> be the Fourier representation of 0. It 

is well-known that any contraction go £ B{£,£') admits a unique decomposition 
6 go = Zq © Z u , where Zo £ B(£q,£q) is a pure contraction, i.e., ||^o^|| < ||^|| 
for any /i € £o> h ^ 0, the operator Z u £ B(£ u ,£' u ) is unitary, and we have the 
orthogonal decompositions £ = £q © £ u and £' = £' Q ® £' u . Since Z u is unitary 
and is contractice, we deduce 

\\hf = \\z u hf = \\e go h\\ 2 

aGF+ 

for any h € £ u . Therefore, we have equality and 

&a\£u = for any a £ F„, |a| > 1. 

Hence, 

A := 9\F 2 {H n ) ®£ U = I®Z U : F 2 (H n ) ® £ u ^ F 2 (H n ) ® £' u 

is a unitary operator. Since is a multi-analytic operator from F 2 (H n ) (g) £ to 
F 2 {H n ) ® £', we infer that 

0(F 2 (#„)©£ O ) CF 2 (ff n )®4 

Hence, \£ := 0|F 2 (if„) (g>£o is purely contractive and = $©A. The uniqueness 
part is straightforward, so we omit it. □ 

Theorem 3.16. Let z\,...,Zk be distinct points in the unit ball M n , and let 
Cj E B(K,K,'), j = l,...,k. Let 

A := P M ,R € B(F 2 (H n ) © K,N'), 

where where R E R^®B{1C,K') is an arbitrary operator such that R(zj) = Cj, 
j = 1, ...,k and the subspace Af' is defined by relation (j3.44fl . If dim/C < oo, 
then the central intertwining lifting $ mEH € R^^)B(IC,)C') of A is the maximal 
entropy solution for the Nevanlinna-Pick interpolation problem. 

Let m > k and Zfe+i, . . . , z m £ B n be such that zi, ■ ■ ■ ,Zk, Zk+i, ■ ■ ■ ,z m are 
distinct points, and let 

Cj := ^ ma , x (zj), j = k + 1, . . . , m. 

Then ^/ max is also the maximal entropy solution for the Nevanlinna-Pick inerpo- 
lation problem with the new data {#j}7Li and {Cj}'JL 1 . 
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Proof. Since TV' is invariant under each operator S* <g> I/c, i = 1, • • • , n, we have 

(3.45) [F 2 (H n ) <g>/C'] OM' = <S>(F 2 (H n ) ® /Ci), 

where $ G R™®B(lCi, )C') is an inner operator. Moreover, let us prove that $ 
is a pure inner operator. According to Lemma l3.15| we have the decomposition 
3> = Xi © X2 with the following properties: 

(i) xi ^ R^®B(£i, £[) is purely contractive; 

(ii) X2 = I 'S'U, where U G B{£ 2 , £'2) is a unitary operator; 

(iii) JCx = E x £2 and K' = S' 1 @S' 2 . 

This implies that F 2 (H n ) ® £' 2 is in the range of According to relation (|3,45|L 
we have 

F 2 {H n ) (8) 4 C F 2 (# n ) (8) /C'] e A/ 7 

and therefore F 2 {H n ) <g> £ 2 _L jV'. Hence, for any a G F+, fc' G /C', and /i G £ 2 , 
we have e a ® h _L / z . ® A:'. Hence, and taking into account the definition of f Zj , 
we get 

(3.46) z ia (h,k') = 

for any k' G Kf . Since Z\, , 2& are distinct points in the unit ball B n , we can 

find Zi a 7^ 0. Therefore, relation Q3.46JI implies h = 0. This proves that £ 2 = {0}, 
which shows that $ is a pure inner operator. 

Note that if A G i?£°<g>£(/C, £'), then P N ,k = if and only if A( Zj ) = for 
any j = 1, ...,m. Now, it is clear that \& G R^®B(K,,K,') is a solution for 
the Nevanlinna-Pick interpolation problem with tolerance t if and only if ^ is a 
solution for the problem (|3.1j) . i.e., 

* = i? + 6G and ||tf|| < t, 

where $ is given by l)3.45jl : and i? G R™®B(JC,K,') is such that = Cj, 

j = 1, ... ,771 (for the existence of such operator see 

Using Theorem 13.11 we see that there is a solution for the Nevanlinna-Pick 
interpolation problem if and only if the operator A := Pj^'R G B{F 2 {H n )®lC,N l ) 
satisfies ||^4|| < t. Moreover, the central intertwining lifting of A is the maximal 
entropy solution f max for the Nevanlinna-Pick interpolation problem. 

Since the subspace 

(3.47) M" : = span {f Zj : j = 1, . . . , m} ® K' 

is invariant under each operator S* <S> Ik.', i = 1, ■ ■ ■ ,n, we have 

[F 2 {H n ) (g) K!\ Qj\f" = ^>{F 2 {H n )®1C 2 ), 

where ^ G R^^B(K,2, K!) is an inner operator. Since M' C N" , we have 

*(F 2 (H n ) ® /C 2 ) C $(F 2 (# n ) ® /C x ). 

Hence, \E' = $$1 for some inner operator ^1 G R^®B{K, 2 , K.\) The Nevanlinna- 
Pick interpolation with data {zj} 1 JL 1 and {Cj}JL 1 is equivalent to the interpola- 
tion problem (|3.4|) . i.e., 

||r||<t and r = * max + $$ x G. 
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Now, we can use the permanence principle of Theorem \'A.2\ to prove the last 
part of the theorem. □ 
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